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Abstract

The increasing trend to integrate neural networks and conventional software
components in safety-critical settings calls for methodologies for their for-
mal modelling, verification and correct-by-construction policy synthesis. In
this paper, we introduce neuro-symbolic partially observable Markov deci-
sion processes (NS-POMDPs), a variant of continuous-state POMDPs with
discrete observations and actions, in which the agent perceives a continuous-
state environment using a neural perception mechanism and makes decisions
symbolically. The perception mechanism classifies inputs such as images and
sensor values into symbolic percepts, which are used in decision making.
We study the problem of optimising discounted cumulative rewards for
NS-POMDPs. Working directly with the continuous state space, we exploit
the underlying structure of the model and the neural perception mechanism
to propose a novel piecewise linear and convex representation (P-PWLC) in
terms of polyhedra covering the state space and value vectors, and extend
Bellman backups to this representation. We prove the convexity and con-
tinuity of value functions and present two value iteration algorithms that
ensure finite representability. The first is a classical (exact) value iteration
algorithm extending the a-functions of Porta et al (2006) to the P-PWLC
representation for continuous-state spaces. The second is a point-based (ap-
proximate) method called NS-HSVI, which uses the P-PWLC representation

Email addresses: rui.yan@cs.ox.ac.uk (Rui Yan), gabriel.santos@cs.ox.ac.uk
(Gabriel Santos), gethin.norman@glasgow.ac.uk (Gethin Norman),
david.parker@cs.ox.ac.uk (David Parker), marta.kwiatkowska@cs.ox.ac.uk
(Marta Kwiatkowska)



and belief-value induced functions to approximate value functions from below
and above for two types of beliefs, particle-based and region-based. Using
a prototype implementation, we show the practical applicability of our ap-
proach on two case studies that employ (trained) ReLU neural networks as
perception functions, dynamic car parking and an aircraft collision avoidance
system, by synthesising (approximately) optimal strategies. An experimen-
tal comparison with the finite-state POMDP solver SARSOP demonstrates
that NS-HSVI is more robust to particle disturbances.

Keywords: Neuro-symbolic systems, continuous-state POMDPs, neural
perception, point-based value iteration, heuristic search value iteration

1. Introduction

An emerging trend in artificial intelligence is to integrate traditional sym-
bolic techniques with data-driven components in sequential decision making
and optimal control. Application domains include mobile robotics [1], visual
reasoning [2|, autonomous driving [3| and aircraft control [4]. In real-world
autonomous navigation systems, agents rely on unreliable sensors to per-
ceive the environment, typically represented using continuous state spaces,
and planning and control must deal with environmental uncertainty. Neural
networks (NNs) have proven effective in these complex settings at providing
fast data-driven perception mechanisms capable of performing tasks such as
object detection or localisation. They are increasingly often deployed in con-
junction with conventional controllers based on symbolic approaches, which
can provide high interpretability, provable correctness guarantees and ease of
inserting human expert knowledge [5]. Because of the potential applicability
in safety-critical domains, there is growing interest in methodologies for for-
mal modelling, verification and correct-by-construction policy synthesis for
such settings, but methods for these are currently lacking.

Partially observable Markov decision processes (POMDPs) are a conve-
nient mathematical framework to plan under uncertainty. Solving POMDPs
in a scalable and efficient manner is challenging for finite-state models [6, 7],
but significant progress has been made, e.g., through point-based methods [§],
which extend the classic value iteration algorithm for MDPs by applying it
to a selected set of belief states of the POMDP. Typically, a belief state is a
distribution over the states of the model representing an agent’s knowledge
about the current state. Since the resulting belief MDP is infinite-state, con-



ventional value iteration cannot be directly applied and instead point-based
methods rely on a so-called a-vector parameterisation, a linear function char-
acterised by its values in the vertices of the belief simplex, which is finitely
representable since the value function is piecewise linear and convex.

Compared to finite-state POMDPs, solving continuous-state POMDPs
suffers from additional challenges due to the uncountably infinite underlying
state space. The common approach of discretising and then using techniques
for finite-state models can yield exponential growth of the state space, de-
pending on the granularity and time horizon. An alternative method that has
been shown to outperform discretisation relies on exploiting structure in the
underlying model and working directly with the continuous state space [9]
through a piecewise constant representation of the value function, based on
a partition of the state space created dynamically during solution.

In this paper, we propose neuro-symbolic POMDPs (NS-POMDPs), a
variant of continuous-state POMDPs with discrete observations and actions.
In NS-POMDPs, the agent observes the environment using a data-driven neu-
ral perception mechanism, which classifies inputs such as images and sensor
values into a finite set of symbolic percepts, and makes decisions symbolically.
We constrain the interface between the neural perception and symbolic deci-
sion making mechanisms so that the agent transitions to its next local state
based on the current local state and percept, rather than accessing the state
of the environment directly. This enables knowledge acquisition of the learnt
concepts from the neural perception mechanism. Our model is expressive
enough for realistic perception functions, such as ReLU NNs, while being
sufficiently tractable to solve.

We address the problem of synthesising policies that optimise discounted
cumulative rewards for NS-POMDPs. Working directly with continuous state
spaces, we propose a novel finite representation of the value function inspired
by a-functions, introduced by Porta et alin [10]|, which generalise a-vectors
by replacing weighted summation with integration. Our representation ex-
ploits the fact that the neural perception functions are classifiers, and thus
induce a finite decomposition of the continuous environment into regions.

We prove convergence and continuity of the value function, and present
two algorithms for this representation: classical value iteration (VI) and a
variant of the HSVI (Heuristic Search Value Iteration) algorithm [11]. We
first demonstrate that, by exploiting the structure of NS-POMDPs, one can
indeed find an a-function representation, namely piecewise linear and convex
representation under piecewise constant a-functions (P-PWLC), that has a
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simple parameterisation and is closed with respect to belief updates and the
Bellman operator. More specifically, we show that value functions can be rep-
resented using pointwise maxima of piecewise constant a-functions (a finite
set of polyhedra and a value vector), in conjunction with mild assumptions
that ensure closure with respect to the transition and reward functions of
NS-POMDPs.

Since a-functions for VI increase exponentially in the number of observa-
tions, we propose a variant of HSVI, called NS-HSVI, which approximates the
value function from above and below. Starting with the polyhedral preimage
of the model’s perception function, NS-HSVI works by progressively sub-
dividing the continuous state space during value backups to compute lower
bounds. We use a lower K-Lipschitz envelope of a convex hull to approximate
an upper bound. We formulate two representations of the belief space, which
have closed forms for the quantities of interest: particle-based, which relies
on sampling of individual points, and region-based, which places a (uniform)
distribution over a region of continuous space.

We develop a prototype implementation of the techniques and provide
experimental results for strategy (policy) synthesis for particle- and region-
based beliefs on two case studies: a dynamic car parking scenario and an
aircraft collision avoidance system, both with ReLU NN perception mecha-
nisms. We find that region-based values are more robust to disturbance than
particle-based. We also compare our particle-based NS-HSVI to a finite-state
POMDP approximation of an NS-POMDP model using SARSOP [12], and
observe that our method consistently yields tighter lower bound values, at
a higher computational cost due to expensive polyhedra computations, be-
cause the accuracy of SARSOP’s lower bound depends on the length of the
horizon considered when building the model.

Contributions. In summary, this paper makes the following contributions.

1. We propose neuro-symbolic POMDPs, a variant of continuous-state
POMDPs with discrete observations and actions, and observation func-
tions defined by neural networks whose outputs are stored locally as
symbolic percepts and used in the agent’s decision making.

2. We propose a novel piecewise constant a-function representation of the
value function (as a pointwise maximum function over a set of piecewise
constant a-functions defined over the continuous state space). We show



that this representation admits a finite polyhedral representation and
is closed with respect to the Bellman operator.

3. We prove continuity and convexity of the value function for discounted
cumulative rewards and derive a value iteration (VI) algorithm.

4. We present a new point-based method called NS-HSVTI for approximat-
ing values of NS-POMDPs, proving that piecewise constant a-functions
are a suitable representation for lower bound approximations of values.
We develop two variants of the algorithm, one based on the popular
particle-based beliefs and the other on novel region-based beliefs, and
show they have closed forms for computing the quantities of interest.

5. We provide experimental results to demonstrate the applicability of NS-
HSVT in practice for neural perception mechanisms whose preimage (or
that of their approximation) is in polyhedral form.

Structure of the paper. The remainder of the paper is structured as
follows. Section 2 provides the relevant background material. Section 3 pro-
poses our model of neuro-symbolic POMDPs, together with its belief MDP,
and gives an illustrative example. Section 4 introduces piecewise constant
representations for functions in NS-POMDPs, and shows that they have a
finite representation (P-PWLC) that ensures closure under the Bellman op-
erator. A new value iteration (VI) algorithm is also proposed, and we prove
the convexity and continuity of the value function. Section 5 presents a
new HSVT algorithm for NS-POMDPs, which uses P-PWLC functions and
belief-value induced functions to approximate the value function from below
and above, and considers two belief representations for the implementation.
Section 6 presents a prototype implementation and experimental evaluation
of our approach on two case studies. Section 7 discusses related work and
Section 8 concludes the paper. To ease presentation, proofs of the theorems
and lemmas have been placed in the Appendix.

2. Background

This section introduces notation and preliminaries concerning neural net-
works, Markov decision processes (MDPs), their partially observable variant
(POMDPs) and the construction of the (fully observable) belief MDP.



Notation. The space of probability measures on a Borel space X is denoted
P(X), and the space of bounded real-valued functions on X is denoted F(X).
A finite connected partition (FCP) of X, denoted ®, is a finite collection of
disjoint connected subsets (regions) that cover X.

Definition 1 (PWC function) A function f : X — R is piecewise con-
stant (PWQC) if there exists an FCP ® of X such that f : ¢ — R is constant
for all ¢ € ®. Such an FCP ® is called a constant-FCP of X for f. We
denote by Fo(X) the subset of PWC functions of F(X).

Definition 2 (PWL function) A function f : X — R is piecewise linear
(PWL) if there exists a FCP ® of X such that f : ¢ — R is linear and
bounded for all ¢ € ®.

A function f : X — R is piecewise continuous if there exists an FCP & of X
such that f : ¢ — R is continuous for all ¢ € .

Neural networks. A neural network (NN) is a real vector-valued function
f:R™ — R¢ where m, c € N, and is said to be a classifier for a set of classes
C' of size c if, for any input © € R™, the output f(z) € R¢ is a probability
vector, where the ith element of f(z) represents the confidence probability
of the ith class of C, i.e., a classifier is a function f: R™ — P(C).

Let fm™* : R™ — (C denote a function that returns the class with the
largest confidence probability in f(z), and call f™**(x) the class of x. To
allow for situations where the class with the highest probability returned by
f is not unique, we assume the classifier includes a tie-breaking rule defined
by a function & : 2¢ — C which, given a set of classes, i.e., those with the
highest probability, returns the selected class.

Given an NN classifier f with the tie-breaking rule x, the preimage of f
divides R™ into an FCP ® of R™, i.e., for any ¢ € ®, there exists a class y
such that f™**(z) =y for all x € ¢. For an NN classifier with PWL activation
functions, this FCP & can be extracted, or approximated, by analysing its
preimage [13], which can be computed offline for a trained NN.

MDPs. We focus on (Borel measurable) continuous-state MDPs, which
model a single agent executing in a continuous environment by transitioning
probabilistically between states. Formally, an MDP is given as a tuple M =
(S, Act, A, d), where S is a Borel measurable set of states, Act a finite set of
actions, A : S — 24¢ an available action function and § : (Sx Act) — P(S)
a probabilistic transition function.



When in state s of MDP M, the agent has a choice between the available
actions A(s) and, if a € A(s) is chosen, then the probability of moving to
state s' is 0(s,a)(s'). A path of M is a sequence m = sg ~% s; <% - such
that s; € S, a; € A(s;) and 6(s;,a;)(si41) > 0 for all i. We let 7(i) = s; and
7[i] = a; for all i. FPathy is the set of finite paths of M and last(7) is the
last state of 7 for any m € FPathy.

A strategy (policy) of M resolves the choices in each state based on the
execution so far. Formally, a strategy o is a Borel measurable mapping
o : FPathy — P(Act) such that, if o(m)(a) > 0, then a € A(last(m)). We
denote by X\ the set of strategies of M. A strategy is memoryless if the
choice depends only on the last state of each path.

POMDPs. POMDPs are an extension of MDPs, in which the agent can-
not perceive the underlying state but instead must infer it based on obser-
vations. Formally, a POMDP is a tuple P = (S, Act, A, 9, O, obs), where
(S, Act, A, 6) is an MDP, O is a finite set of observations and obs : S — O
is a (deterministic) observation function, i.e., obs(s) is the observation made
upon entering state s. We require that, for any s,s" € S, if 0bs(s) = obs(s’)
then A(s) = A(s’). Note that the underlying state space of the POMDP is
uncountably infinite with a continuous-state structure.

When in a state s of a POMDP P, a strategy cannot determine s directly,
but only the observation 0bs(s). The definitions of paths and strategies for P
carry over from MDPs. However, the set of strategies ¥p of P includes only
observation-based strategies. Formally, a strategy o is observation-based if,
for paths 7 = sy =% --- & 5, and 7 = ) =% .- 2% o such that
0bs(s;) = obs(s;) for 0 < i < n, then we have o(mw) = o(7’).

Objectives, values and optimal strategies. We focus on the discounted
cumulative reward objectives, since they balance the importance of immedi-
ate rewards compared to future rewards, and allow optimisation of the be-
haviour over an infinite horizon. We note that the problem of undiscounted
reward objectives is undecidable even for finite-state POMDPs. For a reward
structure r = (ra,rs), where r4 : (SxAct) — R and rg : S — R are action
and state bounded reward functions, the discounted cumulative reward for a
path 7 of a POMDP P is given by:

Y () = 32520 B (ra(m(k), wlk]) + rs(w (k)

where 5 € (0,1) is the discount factor. Given a state s and strategy o
of P, E7[Y] denotes the expected value of Y when starting from s under

7



0. Solving P means finding a strategy o* € Yp, called an optimal strategy,
that maximises the expected value of Y, and the (optimal) value function
V*: S — R, which is defined as V*(s) = EZ"[Y] for s € S.

Belief MDP. A strategy of POMDP P can infer the current state from
the observations and actions performed. The usual way of representing this
knowledge is as a belief b € P(S). In general, observation-based strategies
are more informative than belief-based strategies. However, since we focus on
discounted cumulative rewards, under the Markov assumption belief-based
strategies carry sufficient information to plan optimally [14], and therefore,
for a given objective Y, there exists an optimal (observation-based) strategy
o of P, which can be represented as o : P(S) — Act. The strategy updates
its belief b to b™° via Bayesian inference based on the executed action a and
observation o, i.e. for ' € S:

b*°(s") = (P(o| s")/P(o| b,a)) [..g0(s,a)(s")b(s)ds.

Using this update we can define the corresponding (fully observable) belief
MDP in a standard way [15], from which an optimal strategy can be derived.
We remark that belief spaces for continuous-state POMDPs are continuous
and have infinitely many dimensions.

3. Neuro-Symbolic POMDPs

In this section we introduce our model of neuro-symbolic POMDPs, aimed
at scenarios where the agent perceives its environment using a data-driven
perception mechanism and then makes decisions symbolically based on the
outcome. We also give an illustrative example and then describe how a (fully
observable) belief MDP can be obtained for an NS-POMDP.

NS-POMDPs. The model of neuro-symbolic POMDPs comprises a neuro-
symbolic agent acting in a continuous-state environment. The agent has
finitely many local states and actions, and observes the environment through
a (data-driven) neural perception mechanism (called the agent’s perception
function), which can depend on the agent’s current local state, while rely-
ing on a symbolic decision-making mechanism (the agent’s transition func-
tion). During execution, the agent alternates between invoking perception
and symbolic decisions, where the interface is constrained to enable symbolic
reasoning with the (exactly) learnt concepts (regions of the continuous inputs
space), which we call percepts to distinguish them from local states. When
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invoking perception, continuous inputs are converted into symbolic percepts,
and the agent transitions to the next local state based on the current local
state and percept, rather than the environment state, and can thus model
knowledge acquisition from the neural perception mechanism.

Definition 3 (Syntax of NS-POMDPs) An NS-POMDP P comprises an
agent Ag = (Sa, Act, Ay, 0bsa,84) and environment E = (Sg, dg) where:

e S,y = Loc x Per is a set of states for Ag, where Loc and Per are finite
sets of local states and percepts, respectively;

e Sg C R° is a closed set of continuous environment states;

o Act is a nonempty finite set of actions for Ag;

o Ay: Sy — 24 is an available action function for Ag;

e 0bsa : (Loc x Sg) — Per is Ag’s perception function,

® 04: (5S4 x Act) — P(Loc) is Ag’s probabilistic transition function;

e g : (Sg x Act) — P(Sg) is a finitely-branching probabilistic transition
function for the environment.

The system executes as follows. A (global) state for an NS-POMDP P
comprises an agent state s, = (loc, per), where loc is its local state and per
is the percept, and environment state sp. In state s = (s, sg), the agent
Ag chooses an action a available in s4, then updates its local state to loc’
according to the distribution d4(s4,a). At the same time, the environment
updates its state to s according to dg(sg,a). Finally, the agent, based on
loc' (since it may require different information regarding the environment
depending on its local state), observes s/, to generate a new percept per’ =
obsa(loc', s';) and P reaches the state s’ = ((loc’, per’), s’).

While the NS-POMDP model admits any (deterministic) function obs,
from the continuous environment to a finite set of percepts, in this work we
focus on neural perception functions represented by (trained) NN classifiers
(see Section 2). While this restriction of perception to deterministic functions
with discrete outputs is limiting, it is well aligned with NNs in applications
such as object detection and localisation that we target.

Using NN classifiers with PWL activation functions for neural perception
also yields a polyhedral decomposition of the continuous state space, which
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Figure 1: Connections between neural and symbolic components in Example 1.

can be obtained by computing the function’s preimage [13]. Furthermore, as
will be discussed in Section 4.2, we impose mild restrictions on the transi-
tion probability function and reward structure for an NS-POMDP. Together,
these will later allow us to compute finite representations of lower and upper
bounds for its value function over a (polyhedral) partition of its state space.

Remark 1. We note that our NS-POMDP model is a variant of conven-
tional continuous-state (or hybrid) POMDPs, for which observation func-
tions could also be defined using NNs. In addition, since our model defines
separate transition probability functions for the state space of the agent and
the environment, there are also similarities with factored POMDPs [16]. The
key distinction between NS-POMDPs and both of these formalisms is the way
observations are used, in particular the fact that they are are stored in the
agent’s local state as percepts and then used for decision making. These intro-
duce dependencies between the transitions of the agent and the environment
that are not present in either conventional POMDPs or factored POMDPs.

To motivate our model, we consider a dynamic vehicle parking example,
in which an autonomous vehicle uses a neural perception mechanism for
localisation while navigating to a preferred parking spot. We are interested
in automated synthesis of an optimal strategy to reach the chosen spot.
Below, we formulate this as an NS-POMDP. Fig. 1 shows how its neural and
symbolic components interact.

Example 1. Consider an agent Ag (a vehicle) in a continuous environment
R = {(z,y) € R? | 0 < x,y < 4}, looking for one of two parking spots
pSy, PSy € R (see Fig. 2, left). The vehicle uses an NN as a perception mech-
anism (Fig. 2, middle) that subdivides the continuous environment R into
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ps,
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Figure 2: Car parking example, perception NN and perception FCP of its preimage con-
sisting of 62 polygons and 16 classes.

16 cells, resulting in a grid-like abstraction of the environment. We trained
a feed-forward NN classifier fr : R — P(Grid), with one hidden ReLU layer
and 14 neurons, on randomly generated data to take the coordinates of the
vehicle as input and output a distribution over the 16 abstract grid cells
Grid = {(i,7) | 4,7 € {1,2,3,4}}. We assume that the agent can start from
any position, has constant speed and initially has ps; as its preferred parking
spot. It probabilistically changes its preferred parking spot if the other spot
becomes closer to its current position.

Modelled as an NS-POMDP, the environment’s state space corresponds
to the continuous coordinates R of the vehicle. Observations of its position,
obtained from the NN classifier, are stored in the agent’s percept and its
local state records the currently preferred parking spot. Based on these, the
agent chooses whether to move up, down, left or right, or park. Formally, we
have the following.

e Sy = Loc x Per, where (local states) Loc = {ps;,ps,} are the two
parking spots and (percepts) Per = Grid are the 16 abstract grid cells.

L4 SE =R.
o Act = {up, down, left, right, park}.

e For (ps, per) € Sa, we have A(ps, per) = Act if f3*(ps) = per and
A s(ps, per) = {up, down, left, right} otherwise, i.e., the agent can only
choose to park when it perceives it is in its preferred parking spot.

max

e Foreach ps € Loc and (z,y) € Sg, we have 0bs4(ps, (x,y)) = fE*(x,y),
i.e., independently of the local state of the agent, the perception func-
tion returns the perceived grid cell of the agent under the classifier fr
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(Fig. 2, middle). The boundary coordinate is resolved by assigning the

grid cell at the bottom left.

e For sy = (ps,per) € Sy and a € Act, to define § 4 we have the following

two cases to consider:

— if | fR**(ps) — perlla > || fB*(ps’) — per||a, where ps’ is the parking
spot not currently preferred by the agent and ||| is the Euclidean
norm, then d4(sa,@)(ps) = da(sa,a)(ps’) = 0.5, i.e., if the cur-
rently preferred parking spot is further away than the other spot,
the agent changes its preferred spot with probability 0.5;

— otherwise d4(s4,)(ps)

parking spot.

= 1, i.e., Ag sticks with the preferred

e For (z,y), (¢/,y') € Sg and a € Act, we define:

(1

1
0.8
0.2
0.8
0.2

0

06((z,y),a)(,y) =

\

if a = up and (2,y') = (x, y+At)

if a = down and (2/,y') = (x, y—At)

if a = left and (2/,y') = (z—At, y)

if a = left and (2/,y') = (x—At,y + At)
if a = right and (2/,y) = (z+At,y)

if a = right and (2/,y') = (x+At, y+At)
otherwise

/
’

where At = 1.0 is the time step. Here the movement left and right
is probabilistic, as it can result in the agent instead moving on the
diagonal with probability 0.2. We have also assumed that the agent’s
coordinates remain within the environment boundaries. |

To simplify the presentation, the perception function of the agent in Exam-
ple 1 is independent of its local state. However, our modelling formalism
admits more complex scenarios where this is not the case, for example, if the
agent were to switch to a more accurate sensor as it approaches its preferred
parking spot to ensure that it parks there.

NS-POMDP semantics. The semantics of an NS-POMDP P is a POMDP
[P] over the product of the (discrete) states of the agent and the (continuous)
states of the environment, except that we restrict those to states that are
percept compatible. A state s = ((loc, per), sg) is percept compatible if per =
obs a(loc, sg). Percept compatibility indicates that the agent always accesses
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its percept via the perception function. The semantics of an NS-POMDP is
closed with respect to percept compatible states. We would like to emphasise
that (see Remark 1) NS-POMDPs differ from conventional POMDPs in that

the observations, S4, are stored in the state space.

Definition 4 (Semantics of NS-POMDPs) Given an NS-POMDP P, the
semantics of P is the POMDP [P] = (S, Act, A, 6, Sa, obs) where:

o S C 5S4 x Sg s the set of percept compatible states, which contain both
discrete and continuous elements;

o A(sa,sg) =Au(sa) for (sa,sg) €S;

e 0(s,a)(s") = 0a(sa,a)(loc')op(sg,a)(sy) and §(s,a)(s’) = 0 otherwise
for s = (sa,sg),s = (sy,5g) € S and a € A(s);

e 0bs(sa,Sp) = S for (sa,sg) € S.

Note that the transition probability function ¢ has finite branching, since
S, is finite and 0 is required to have finite branching. Nevertheless, the
underlying state space of an NS-POMDP is uncountable.

Example 2. We return to the vehicle parking NS-POMDP of Example 1.
Suppose the objective of the agent is to try and park at its currently preferred
parking spot as quickly as possible. We can represent this scenario using a
discounted cumulative reward objective where, in the corresponding reward
structure, all action rewards are zero, and for the state rewards there is a
positive reward if the agent is perceived to have reached its preferred parking
spot and is zero otherwise. Formally, we have for any s = ((ps, per), sg) € S:

{ 1000 if fR*(ps) = per

rs(s) = 0 otherwise.

Decreasing the value of the discount factor S will lead to greater loss in the
accumulated rewards if the agent fails to park quickly. [

NS-POMDP strategies. As [P] is a POMDP, we consider observation-
based strategies, which can be represented by memoryless strategies over its
belief MDP [P]g. Given agent state sy = (loc, per), we let S3* = {sp €
Sg | obsa(loc,sg) = per}, ie., the environment states generating percept
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per given loc. Since agent states are observable and states of [P] are percept
compatible, beliefs can be represented as pairs (s4,bg), where s4 € Sy is an
agent state, by € P(Sg) is a belief over environment, and bg(sg) = 0 for all
sp € Sg \ Si', i.e., those states that are not percept compatible.

Before giving the definition of [P] g, we consider how beliefs are updated
in this setting. Therefore, suppose s, is the current agent state, i.e., stores
what is observable, and bg is the current belief about the environment. Then
if action a is executed and s/, is observed, the updated belief is such that for
any sy € Sg:

bSA,lLSQ;( / ) _ P((S;l?S/E) ’ (SA7bE)7a)

§) = if ", € SSIA and 0 otherwise. 1
2 T TR GBS W

Belief MDP and belief updates. We can now derive the belief MDP
of an NS-POMDP, which follows through a standard construction [15] while
relying on Borel measurability of the underlying uncountable state space of

the NS-POMDP.

Definition 5 (Belief MDP) The belief MDP of an NS-POMDP P is the
MDP [P]g = (Sp, Act, Ap,dp), where:

e Sp C Sa xP(Sg) is the set of percept compatible beliefs;
° AB(SA,Z)E) = AA(SA) fO’f’ (SA,bE) € SB,‘

o for (sa,bg),(s4,V5) € Sp, and a € Ap(sa,bg):

, 1 75A,0,87
55 (5., be), @) (s, bly) = { Pisa(sa.bp). ) 4 Vo = b

Finally, in this section we discuss how the beliefs and probabilities of Defini-
tion 5 can be computed. For any (s, bg), (s4, ) € Sp and sy, = (loc’, per’),
we have that P(s'y | (sa,br),a) equals:

30, 0)(10) ([ e, D68 o dilsma)(sk)dse ). ()

E E

Furthermore, P((s'y, s%) | (sa,bE), a) equals:

64(54,0)(10¢) ( [, e, bi(s8)0(sm, @) (s})dsr) (3)
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if s € SZ}‘ and 0 otherwise. Thus, using (1) we have that bSEA’a’S;‘ (sz) equals:

J.pes, be(s8)0n(sp, a)(sp)dse
Jopesp bE(sE) [, _o,08(sp, a)(sh)dsk

SE

if s € S;l*‘ and 0 otherwise.  (4)

We note that the belief MDP [P] s is continuous and infinite-dimensional,
with finite branching. Thus, solving it exactly is intractable as closed-form
operations and parametric forms for continuous functions are required. For
efficient computation, beliefs also need to be in closed form.

4. Value Iteration

A common approach to solving continuous-state POMDPs is to discretise
or approximate the continuous components with a grid and use methods
for finite-state POMDPs. As this may compromise accuracy and leads to
an exponential growth in the number of states, we instead aim to operate
directly in the continuous domain. Since functions over continuous spaces
can have arbitrary forms not amenable to computation, we will extend a-
functions to the setting of NS-POMDPs, aided by the theoretical formulation
of [10], where it was proved that continuous-state POMDPs with discrete
observations and actions have a piecewise linear and convex value function.
Rather than work with Gaussian mixtures as in [10], which would require
approximations, we will directly exploit the structure of the model to induce
a finite (polyhedral) representation of the value function, similarly to [9],
which has been shown to outperform discretisation.

More specifically, in this section we show that piecewise constant repre-
sentations for the perception, reward and transition functions are sufficient
for NS-POMDPs under mild assumptions, in the sense that they offer a finite
representation and are closed with respect to belief update and the Bellman
operator. We next propose a value iteration (VI) algorithm that utilises
piecewise constant a-functions, which does not scale but serves as a basis for
designing a practical point-based algorithm in Section 5. We conclude this
section by investigating the convexity and continuity of the value function.

4.1. Value functions

We work with the belief MDP [P] s = (Sp, Act, Ap, 0p) of an NS-POMDP
P and consider discounted cumulative reward objectives Y. The value func-
tion is given by V* : Sy — R, where V*(s4,bp) = E% , |[Y] for all

(s4.bE)
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(sa,bg) € Sp. We require the following notation to evaluate beliefs through
a function over the state space S. Given f: S — R and belief (s4, bg), let:

(f: (54,08)) = [, cs,f(54,58)bE(sE)dsE (5)

for which an integral over Sg is required.
Recall that F(Sp) denotes the space of functions over the beliefs.

Definition 6 (Bellman operator) Given V € F(Sg), the operator T :
F(Sg) — F(Sg) is defined as follows: [TV](sa,bg) equals

max (R (52.56) + B8y, c5, P(5 | (3056 )V (555 ) (9

a€AA(sa)
for (sa,bg) € Sp, where R,(s) =1ra(s,a) +rs(s) forse S.

Since [P] g, the semantics of NS-POMDP P, is a continuous-state POMDP
with discrete observations and actions, according to [10] the value function
V* is the unique fixed point of the operator T', and thus, theoretically, value
iteration can be used to compute V*. However, as the functions involved are
defined over probability density functions from P(Sg) and Sg is a continuous
space, to ensure feasible computation we require a finite parameterisable rep-
resentation for the value function. To this end, we will extend the class of a-
functions with special structure introduced for continuous-state POMDPs in
[10], which generalise a-vector representations for finite-state POMDPs [17].

4.2. PWC Representations

We first recall that the class of perception functions we consider (see
Section 2) induces a finite partition of the continuous state space, consist-
ing of connected and observationally-equivalent regions, and obtained as the
preimage of the perception function. We then impose mild assumptions on
the NS-POMDP structure (Assumption 1) to ensure that the agent and envi-
ronment transition functions preserve the PWC properties of this partition,
and on the reward function to ensure region-based reward accumulation.

Lemma 1 (Perception FCP) There exists a smallest FCP of S, called
the perception FCP, denoted ®p, such that all states in any ¢ € Pp are
observationally equivalent, i.e., if (sa,Sg), (84, %) € ¢, then sy = sy and

we let % = s4.
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The perception FCP ®p can be used to find the set Sz;‘ for any agent state
s’y € S4 over which we integrate beliefs in closed form; see e.g., (2) and (4).

The assumption we make about an NS-POMDP’s structure requires that,
given a finite decomposition @’ of the state space into regions (i.e., an FCP
of the state space), there exists another finite decomposition ®, called the
preimage FCP, such that states in regions of ® have the same rewards and
transition probabilities into regions of ®’. Furthermore, we require that tran-
sitions of the (continuous) environment must also be decomposable into re-
gions. Our assumption is formally stated below.

Assumption 1 (Transitions and rewards) For any given FCP @ of S,
there exists an FCP ® of S, called the preimage FCP of ®, such that for all
seped, aec Act and s’ € ¢ € D,

e 0(s,a)(s') = da (0, a)(¢);
o ru(s,a) =reoa(p,a);
o 75(s) =ro,s5(0);

for functions dg : ® x Act — P(®'),ro 4 : & x Act > R andrps: & — R,
Furthermore, there exists n € N such that 0 =Y ;| j1:0%, where Y\, j1; =
1, wi > 0 and 6% : (SpxAct) — Sg is piecewise continuous for each action
m Act and 1 <1 <n.

This assumption allows us to compute finite representations of lower and up-
per bounds of an NS-POMDP’s value function over a (polyhedral) partition
of the state space. This partition is created dynamically during the iterations
of the solution, using a preimage-based splitting operation (see Algorithm 2).
In this construction, using Assumption 1, we can assume for any action a
that there exists a smallest FCP of S, called the reward FCP under action
a and denoted ®%, such that all states in any ¢ € ®% have the same state
rewards and action rewards when a is performed.

We emphasize that, although the states in any region of the perception
FCP are observationally equivalent, by Assumption 1 and, since states in
the same region of the preimage FCP of the perception FCP have the same
transitions and rewards to these regions, the perception FCP and the preim-
age FCP need not be the same. This means that such states can still have
different values, since taking the same actions can yield paths that need not
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be observationally equivalent. Therefore, the value function V* may not be
piecewise constant. Our results demonstrate that analysing NS-POMDPs
under these PWC restrictions remains challenging.

Example 3. Fig. 2 (right) shows an FCP representation for the preimage
of the perception function of Example 1. The FCP was constructed via the
exact computation method from [13|, and is composed of 62 polygons. Each
colour indicates one of the grid cells as perceived by the agent.

We remark that Assumption 1 holds for this example since the agent’s
transition function and the reward functions are PWC and the environment’s
transition function is PWL. |

4.8. PWC a-Function Value Iteration

We can now show, utilising the results for continuous-state POMDPs [10],
that V* is the limit of a sequence of a-functions, called piecewise linear and
convez under PWC a-functions (P-PWLC), where each such function can be
represented by a (finite) set of PWC functions (concretely, as a finite set of
FCP regions and a value vector).

Definition 7 (P-PWLC function) A function V : Sp — R is piecewise
linear and convex under PWC a-functions (P-PWLC) if there exists a finite
set I' C Fe(S) such that V(sa,bg) = maxaer(q, (Sa,bg)) for all (sa,bg) €
Sg, where the functions in I" are called PWC' a-functions.

Definition 7 implies that, if V' € F(Sp) is P-PWLC, then it can be repre-
sented by a set I' of PWC continuous functions over S. Similarly to [9],
where a rectangular PWC representation of value functions was proposed
and proved to be closed under the Bellman backup for a class of structured
continuous finite-horizon MDPs, we demonstrate that, for NS-POMDPs sat-
isfying Assumption 1, a P-PWLC representation of value functions is closed
under the Bellman operator and the value iteration algorithm converges.

Theorem 1 (P-PWLC closure and convergence) If V € F(Sg) and
P-PWLC, then so is [TV]. If V € F(Sg) and P-PWLC, then the sequence
(V1)2,, such that VT = [TV, is P-PWLC and converges to V*.

We remark that an implementation of this exact value iteration is feasible in
principle, since each a-function involved is PWC and thus allows for a finite
representation. However, as the number of a-functions grows exponentially
in the number of agent states, it is not scalable in practice.
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4.4. Convexity and Continuity of the Value Function

In Section 5, we will derive a variant of HSVI for lower and upper bound-
ing of the value function, which is more scalable. To this end, the following
properties will be required.

Using Theorem 1 the value function can be represented as a pointwise
maximum V*(sa,bp) = supyer{a, (sa,bg)) for (sa,bg) € Sp, where I' C
Fe(S) may be infinite. We now show that V* is convex and continuous for
any fixed sy, € S4. Since we assume bounded reward functions, the value
function V* has lower and upper bounds:

L =mingeseac Ra(s)/(1—B) and U = maxsesaeac Ra(s)/(1—5). (7)

Theorem 2 (Convexity and continuity) For any sq € Sa, the value
function V*(sa,-) : P(Sg) = R is conver and for any bg, by € P(Sg):

[V*(s4,bm) = V7 (54,0p)| < K(bg, bp) (8)

where K(bg,by) = %(U - L) fs

bE(SE) — blE(SE)‘dSE

S
BESH

5. Heuristic Search Value Iteration

Value iteration with point-based updates has been proposed for finite-
state POMDPs [10, 11, 8, 18, 19|, relying on the fact that performing many
fast approximate updates often results in a more useful value function than
performing a few exact updates. HSVI [11| approximates V* at a given ini-
tial belief via lower and upper bound functions, which are updated through
heuristically generated beliefs. SARSOP [12| improves efficiency, but sacri-
fices convergence guarantees due to aggressive pruning. These methods focus
on finite-state POMDPs and are not directly applicable to continuous-state
NS-POMDPs, as they rely on discretisation or approximation.

We now present a new HSVI algorithm for NS-POMDPs, which uses
P-PWLC functions and belief-value induced functions to approximate V*
from below and above. This HSVI algorithm progressively subdivides the
continuous state space during value backups, to obtain a piecewise constant
lower bound and a lower K-Lipschitz envelope of a convex hull upper bound
on V* that itself may not be piecewise constant.

We first introduce the representations of the lower and upper bound func-
tions to the value function, then present point-based updates followed by our
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HSVT algorithm, and finally consider two belief representations for the imple-
mentation, both with closed forms for the quantities of interest, one based on
particles (individually sampled points) and the other on regions (polyhedra)
of the continuous space.

5.1. Lower and Upper Bound Representations

Lower bound function. Selecting an appropriate representation for a-
functions requires closure properties with respect to the Bellman operator,
which includes both the transition function and the reward function. Rather
than relying on Gaussian mixtures [10], which require both the transition and
reward functions to be in this form, we represent the lower bound V;; € F(Sp)
as a P-PWLC function for the finite set I' C F(.S) of PWC a-functions (see
Definition 7), for which closure is guaranteed by Theorem 1. This is finitely
representable as each a-function is PWC. In contrast to Gaussian mixtures,
our P-PWLC representation is designed to match the NS-POMDP perfectly,
with the necessary closure properties ensured by exploiting the structure of
the NS-POMDP.

Upper bound function. The upper bound V. € F(Sp) is represented by
a finite set of belief-value points T = {((s',b%), ;) | i € I}, where y; is an
upper bound of V*(s%,b%). Since V*(s4,) is convex by Theorem 2, letting
I,, ={iel|sy =sa}, for any \; > 0 such that >.._, \; =1, we have:

i€l

V*(sa, ZielsA Aibg) < ZieISA AV (s, ) < ZieISA Aii - (9)

This fact is used in HSVI for finite-state POMDPs [11], as any new belief
is a convex combination of the beliefs in T, and therefore the convexity of
V*(s4,-) yields an upper bound. However, since T is a finite set and in NS-
POMDPs each belief is over infinitely many states, any convex combination
of beliefs in T cannot cover the belief space Sg, and hence (9) cannot be
used to generate an upper bound. We therefore instead define the upper
bound V,} as the lower envelope of the lower convex hull of the points in T
satisfying the following problem:

V¥ (s4,bp) = minimize dier, Al + Kup (b, 3 e Aib%)
subject to: A; >0, Ai = 1for all (s4,bp) € Sp (10)

i€l

where K, : P(Sg) X P(Sg) — R measures the difference between two be-
liefs such that, if K is from Theorem 2 showing the continuity of the value
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function, then for any bg, b, € P(Sg):

It can be seen that (10) is close to the classical upper bound function used
in regular HSVI for finite-state spaces, except for the function K, that mea-
sures the difference between two beliefs (two functions). We require that K,
satisfies (11) to ensure that (10) is an upper bound after a value backup, as
stated in Lemma 4 below.

Bound initialisation. The lower bound V}} is initialised using the lower
bound of the blind strategies of the form “always choose action a € Act”,
which is given by > 8" infses Ry(s). Therefore, a lower bound for Vjj is
given by:

RLB = MaXgcAct (Zzo:()ﬂk infsES Ra(s)) = 1/(1 - 5) maXae Act instS Ra(s) .

The PWC a-function set I" for the initial V}; contains a single PWC function
a, where a(s) = Rpp for all s € S and the associated FCP is the perception
FCP ®p. We initialise the upper bound V¥ by sampling a set of initial beliefs
{(s%, %) }ier and letting y; = U for all (sY, b%).

5.2. Point-Based Updates

Lower bound updates. For the lower bound V}}, in each iteration we add
a new PWC a-function o* to I' leading to I" at a belief (s4,br) € Sp such
that:

<Oé*, (Sz‘h bE)> = [T‘/lll:](SAv bE) : (12>

To that end, let a be an action maximising the Bellman backup (6) at (s, bg),
i.e., a is a maximiser when computing [TV} ](sa,bg). If action a is taken,
then Sy = {s/y € Sa | P(sy | (s4,br),a) > 0} are agent states that can be
observed. If ¢, is observed, then the backup value at belief (s4,bg) from an
a-function a € I' equals fsEesE bval((sa, Sg),a, sy, @)brp(sg)dsg, where for
any sg € Sg:

bval((sa, Sg), a, 'y, ) = 65A(SA,a)(loc’)fsbesgAéE(sE,a)(sb)a(s;l,sg).

For sy € Sy, let a®a € T be an a-function maximising the backup value, i.e.,

a’a € argmaX,er [, cg bval((sa, Sg),a, sy, @)bp(sg)dsg.
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Algorithm 1 Point-based Update(sa,bg) of (V},V.})

a + the maximum action in computing [TV} ](sa, br)
Sy {sy €8sl P(sy| (sa,br),a) >0}
QA ¢ argmax,r fsEeSE bval((s4,5E),a, 8y, )bg(sp)dsg for all 'y € Sy
for ¢ € p do
if 5% =54 and Ssrsmeo bE(sE)dsE > 0 then
Compute a*(54,8g) by (13) for (54,5g) € ¢ > ISPP backup
else a*(84,5p) < L for (84,85) € ¢
'~ Tu{a*}
p* = [TV](54,0p)
T+ YU{((sa,br),p")}

_.
e

Using a, a®s for s’y € S4 and the perception FCP ®p, Algorithm 1
computes a new a-function o* at belief (s4,bg). To guarantee (12) and
improve the efficiency, we only compute the backup values for regions ¢ € ®p
over which (s4,bg) has positive probabilities, i.e. s% = s4 (recall s% is the
unique agent state appearing in ¢) and f(s/;,s;;)ab bp(sp)dsg > 0 and assign
the trivial lower bound L otherwise. More precisely, for each such region ¢

and (§A7 =§E) c 9251
a*(84,88) = Ra(34,38) + 2y cg,bval((8a,8p), 0,87, 0%4)  (13)

where if s’, ¢ S4, then a®s can be any a-function in I'. Computing the
backup values (13) state by state is computationally intractable, as region ¢
contains an infinite number of states. However, the following lemma shows
that a* is PWC, thus resulting in a tractable region-by-region backup. The
lemma also shows that the lower bound function increases uniformly, is valid
after each update, and performs no worse than the Bellman backup at the
current belief.

Lemma 2 (Lower bound) At belief (sa,bg) € Sp, the function o* gener-
ated by Algorithm 1 is a PWC a-function satisfying (12), Vi < Vi < V*
and Vl}: (SA7 bE) 2 [TVZIZ:KSA? bE)'

Since a* is PWC, we next present a new backup for (13) through finite region-
by-region backups. Recall that dp can be represented as > | 1;0% and can
preserve a decomposition of the state space into a finite set of regions. Algo-
rithm 2 presents an Image-Split-Preimage-Product (ISPP) backup method
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Algorithm 2 Image-Split-Preimage-Product (ISPP) backup over a region

Input: region ¢, action a, PWC a4 for all s/, € Sy
1: Loc' + {loc’ € Loc | 64(s%,a)(loc) > 0}, ®product — ¢

2: for loc’ € Loc',i=1,...,n do

3: ¢y < {0%(sg,a) | (S(fv Sg) € ¢} > Image
4: Pimage < divide ¢ into regions over S by obsa(loc', )

5: Dpliy ¢ & > Split
6: for ¢image € Pimage do

7 ®,, < a constant-FCP of S for the PWC function asﬁmge

8: Popiit, < Poplit U { Pimage N @' | ¢' € O}

9: Dpre — T > Preimage
10: for ¢image € Pgpiix do

11: P e — Ppre U {(sﬁ,sE) € ¢ | 8%(sp,a) € Pimage}

12: Dproduct < {P1 NP2 | P1 € Ppre A P2 € Pproduct f > Product
13: Pproduct < {&1 N P2 | 1 € Pproduct A P2 € P}

14: for ¢product € Pproduct do > Value backup
15: Take one state (54,58) € Gproduct

16 " (Dproduct) < Ra(34,55) + Xy s, bval((34,35), a, sy, )

17: return: (Pproduct, @)

to compute (13) region by region. This method, inspired by Lemma 2, is
to divide a region ¢ into subregions, where for each subregion o* is con-
stant, illustrated in Fig. 3. Given any reachable local state loc¢’ under a and
continuous transition function &%, the image of ¢ under a and 0% to loc’ is
divided into image regions P .ee such that the states in each region have
a unique agent state. Each image region ¢image is then split into subregions

by a constant-FCP of the PWC function asim by pairwise intersections,
and thus ®ipage is split into a set of refined image regions ®g,. An FCP
over ¢, denoted by ®p,., is constructed by computing the preimage of each
Gimage € Pspiit to @. Finally, the product of these FCPs @, for all reachable
local states and environment functions and ®% (the reward FCP under ac-
tion a), denoted Pproduct, is computed. The following lemma demonstrates
that o* is constant in each region of ®pyoduct, and therefore (13) can be com-
puted by finite backups.

Lemma 3 (ISPP backup) The FCP @y oquet Teturned by Algorithm 2 is
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Figure 4: An example of region refinement during the ISSP algorithm (see Example 4).

a constant-FCP of ¢ for a* and the region-by-region backup for o* satis-

fies (13).

Computing bval((54,35), a, 'y, @*4) in the value backup requires a* (s, s7).
To obtain this value, we need to find the region in the constant-FCP for o4
containing (sy, s%z). To improve efficiency, instead of searching, we record
the region connections during ISPP.

Example 4. In Fig. 4 we illustrate how a single region can be refined under
an action a. The first step shows how performing action a leads to two
different regions being reached with probability 0.4 and 0.6, respectively. In
the next step, these regions are then split based on ®%, the reward FCP
under action a, which has three regions, with reward values 5, 10 and 20
respectively, multiplying the probability and reward values for each region.
In the last step, we take the intersections of the regions obtained for the
different probabilistic transitions and a summation is performed for each
subregion, yielding the average reward for these regions.

Upper bound updates. For the upper bound V. working with the rep-
resentation given in (10), at a belief (s4,bg) € Sp in each iteration we add
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Algorithm 3 NS-HSVI for NS-POMDPs
1: Initialise V;} and V)
2: while VI ((s% pinit) — VI (smit pinit) > ¢ do Explore((shi, b1t e, 0)
3: function FEzplore((sa,bg),¢,t)
4: if VX(sa,b5) — Vi (sa,bp) < eB7! then return
for a € As(sa), s’y € Sa do
P = P(s)y | (s4,b8), a) Vg (s, by ™)
a <+ argmaxaeAA(SA)(Ra, (sa,bp)) + 0 Zs’AeSA P
Update(sa,bg)
4 4 argmaxy cg, ercessy1(sh, b )
10: Explore((34,b3"%), e, t + 1)
11: Update(sa,bg)

a new belief-value point ((s4,bg),p*) to T such that p* = [TV.X](s4,bE).
The following lemma shows that p* > V*(sa,bg) required by (10), the up-
per bound function is decreasing uniformly, is valid after each update, and
performs no worse than the Bellman backup at the current belief.

Lemma 4 (Upper bound) Given belief (s4,bp) € Sg, if p* = [TV} ](sa,bE),
then p* is an upper bound of V* at (sa,bg), i.e., p* > V*(sa,bg), and if Y/ =
T U{((54,b5),p")}, then V.3 > VE > V* and V.Y (s4,bp) < [TV,E](s4,bE).

5.3. NS-HSVI Algorithm

Algorithm 3 presents the NS-HSVI algorithm for NS-POMDPs. Similarly
to the heuristic search in HSVI [11], the algorithm (lines 5-7) selects an
action a greedily according to the upper bound at belief (s4,bg) € Sp, i.e.,
a is a maximiser when computing [TV.X](s4,bx). Furthermore, given & > 0,
it selects an agent state $4 (observation) with the highest weighted excess

approximation gap (line 9), denoted excess; (s, bSEA’d’S“‘), which equals:

P(s'y | (sa,bi), @) (Vo (sl b ™) = Vi (50, b ™) — e8+1)

where ¢ is the depth of (s4,bg) from the initial belief s%% = (5% 1) € Sp.
NS-HSVI has the following convergence guarantees.

Theorem 3 (NS-HSVI) Algorithm 3 will terminate and upon termination:
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1L V35 - VEGEY < &

2 V() < V(55 < VEGEY):

3. V*(stmit) —E;ﬂm [Y] < € where ¢ is the one-step lookahead strategy from
B

r
Vi -

Proof. Given belief (sa,bg) € Sp, through Lemma 2 after updating a lower
bound V}} we have:

Vip <V <V* and Vi (sa,be) > [TVy](54, br) (14)
and through Lemma 4 after updating an upper bound V. we have:
VEI>VE >V and Vi '(sa,bg) < [TVE](s4,b5). (15)

Now, since V;} and V.Y are initially bounded and from Lemmas 2 and 4
are uniformly improvable, ¢ has finite branching and g € (0, 1), using |20,
Theorem 6.8] we have that Algorithm 3 terminates after finitely many steps.

Next, combining (14) and (15), and using [20, Section 6.5] both 1 and 2
follow directly. Finally, concerning 3, by (B.1), we have

<Oé*’ (§A7 éE)> < [T‘/lg](‘gz‘h §E) (16>

for all (34, 8g) € Sp. If Vi < [TV}], we have V}" < [T'V}]] using (16). Then,
since Algorithm 3 terminates, according to [20, Theorem 3.18|:

VA BE) — B g [¥] < VB, BY) — VE (55, b) < <
which completes the proof. O

Pruning. We apply the following pruning to speed up Algorithm 3. First,
a new a-function o* is added to I' at belief (s4, bg) in each update only if o*
strictly improves the value at (s4,bg), i.e., (@, (s4,0r)) >V} (s4,br). This
leads to fewer a-functions in I' without changing convergence, and thus faster
lower bound computation. Second, for the heuristic search, since the action a
(line 6) maximising the upper bound backup may not be unique and different
a could result in different maximum gaps (line 8), we keep all maximisers and
select the pair (a, $4) with the largest gap. We find this new excess heuristic
to be empirically superior, as it tends to reduce the uncertainty the most.
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Convergence. FEach belief update of Algorithm 3 is focused on a single be-
lief, and therefore the number of iterations can be higher than value iteration;
on the other hand, iterations are cheaper to perform. In the finite-state case,
an upper bound on the number of HSVI iterations required can be calculated
[20, Theorem 6.8]. However, such analysis would be difficult in our setting,
as the number of points to update depends on the initial beliefs and which
beliefs are updated at each iteration, and varies as the algorithm progresses.

5.4. Two Belief Representations

An implementation of the NS-HSVI algorithm crucially depends on the
representations of beliefs, as a closed form is needed when computing belief
b expected values (a, (sa,bg)) and (R, (sa,bg)), probability P(s) |
(54,bp),a) and upper bound V.}(s4,bg). We first consider the popular
particle-based belief representation and then propose a region-based belief
representation to overcome the problem of requiring many particles to con-
verge in the particle-based representation [21].

Particle-based beliefs. Particle-based representations have been widely
used in applications from computer vision [22|, robotics [23, 10] to machine
learning [24]. They can approximate arbitrary beliefs (given sufficient parti-
cles), handle nonlinear and non-Gaussian systems, and allow efficient com-
putations.

Definition 8 (Particle-based belief) A belief (s, bg) € Sp is represented
by a weighted particle set {(s%,w;)}i2, with normalised weights if

be(sp) = Yt wiD(sp — s%)

where w; > 0, st € Sg for all 1 < i < ny and D(sg — s%) is a Dirac
delta function centred at 0. Let B(sg) be a small neighbourhood of sg, and
P(sg;bg) = fs’EeB(sE) bp(ss)dsy be the probability of particle sy under bg.
Given an initial particle-based belief (s4, b12*), the number of states reach-
able in any finite number of steps is finite, and therefore standard methods
for finite-state POMDPs can be used to solve the resulting finite-state game
tree, similarly to [25] under fully-observable strategies. However, the size of
the game tree can increase exponentially as the number of steps increases,
particularly given that the reachable states are likely to be distinct due to
the continuous-state space.
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To implement NS-HSVI given in Algorithm 3 using particle-based be-
liefs, we must demonstrate that V;} and V.Y are eligible representations [10]
for particle-based beliefs, that is, there are closed forms for the quantities
of interest. For a particle-based belief (s4,br) with weighted particle set

{(s%,w;)}i2,, it follows from (4) that for belief bSEA’a’S/A we have, for any

s4,a,s"
s € Sg, by A (s)y) equals:

52, wids(si, ) )
Z?:% W; ZSENESZ/A 0 (Sk, a)(s%)

Similarly, we can compute (o, (s4,bg)), (Ra, (sa,bg)) and P(sy | (sa,br),a)
as simple summations. It remains to compute V.Y in (10), which we achieve
by designing a function K, that measures belief differences that satisfy (11).
However, (11) is hard to check as, for beliefs bg and b/, calculating K (bg, b)
involves the integral over the region Sj'. For particle-based beliefs, we pro-
pose the function K,;, where:

Koy (b, Ug) = (U = L)y maxspespnp(s)>0 [P (523 08) — Plsp; bp)| - (18)

if sy € S;A and equals 0 otherwise. (17)

where ny, is the number of particles in by, which is shown to satisfy (11) and,
given T = {((s%,b%),y;) | i € I}, the upper bound can be computed by
solving a linear program (LP) as demonstrated by the following lemma.

Lemma 5 (LP for upper bound) The function K., from (18) satisfies
(11), and for particle-based belief (sa,bg) represented by {(sb,w;)} iy, we
have that VX (sa,bg) is the optimal value of the LP:

minimize: 2, Ay + (U — L)npc
subject to: ¢ > |w; — 34 N P (s b5)| for 1 < i < my
A >0 for k € I, and Zkelu e = 1.

Since all quantities of interest in Algorithm 3 are computed exactly, the
convergence guarantee in Theorem 3 holds for any initial particle-based belief.

Region-based beliefs. Particle filter approaches [22] are required to ap-
proximate the updated belief of particle-based representations if the current
belief has zero weight at the true state due to partial observations and random
perturbations. However, for NS-POMDPs the usual sampling importance
re-sampling (SIR) approach [26]| requires many particles, which can be com-
putationally expensive. Therefore, we propose a new belief representation
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using regions of the continuous state space and show that it performs well
empirically in handling the uncertainties. For any connected subset (region)
(bE Q SE, let VOl((bE) = fSEGCbE dSE.

Definition 9 (Region-based belief) A belief (sa,br) € Sp is represented
by a weighted region set {(¢%, w;)}i2, if bp(sg) = > it X (8B)wi, where
w; > 0, ¢% is a region of S3* and Xgi, : 98 — R is such that X¢%(SE) =1if
s € ¢% and 0 otherwise for 1 <i <y, and > ", w;vol(¢y) = 1.

In the case of region-based beliefs, finite-state POMDPs are not applicable
even when approximating by finding all reachable states up to some finite
depth, as from an initial (region-based) belief this would yield infinitely many
reachable states. Region-based beliefs assume a uniform distribution over
each region and allow the regions to overlap. Ensuring that belief updates
of region-based beliefs result in region-based beliefs is difficult [27], as even
simple transitions of variables with simple distributions can lead to complex
distributions. Assumption 1 only ensures a finite partitioning of the state
space for the transitions, but not that the updated belief places a uniform
distribution over each region. We now provide conditions on the deterministic
continuous components &%, of the environment transition function, under
which region-based beliefs are closed.

Lemma 6 (Region-based belief closure) If §%(-,a) : Sg — 0%(Sg,a) is
piecewise differentiable and invertible and the Jacobian determinant of the
wnverse function is PWC for any a € Act and 1 < i < n, then region-based
beliefs are closed under belief updates.

We next present an implementation of NS-HSVI using region-based beliefs
for environment transition functions satisfying Lemma 6. For a region-based
belief (s4,bg), Algorithm 4 computes the belief update as the image of each
region, dividing the images by perception functions into regions of Sg, updat-
ing weights and selecting the regions with desired observations. The region-
based belief update and expected values are summarised in Lemma 7.

Lemma 7 (Region-based belief update) For region-based belief (s4,bg)
represented by {(¢%,w;)}rt,, action a and observation sy, we have that
(s'y,0) returned by Algorithm 4 is region-based and by = bSEA’a’S;‘. Fur-
thermore, if h : S — R s PWC and ®g is a constant-FCP of Sg for h at sa,

then (h, (s4,08)) = 22121 >y cap (54, sp)wivol(d N dp) where sp € dp.
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Algorithm 4 Region-based belief update

Input: (sa,bg) represented by {(¢%,w;)} %, action a, observation s, =
(loc’, per’)
1: if d4(sa,a)(loc’) > 0 then
2: P<—o
fori=1,....,m,7=1,...,ndo
Wy <+ {0%(sg,a) | sp € %} > Image
Pimage < divide ¢ into regions over Sg by o0bs4(loc', )
w' <+ (vol(¢) /vol(dl ) )wip; > Weight update
P+« PU {(¢E7w/) ‘ ¢E € q)image A (bE' - SZ'A}
Normalise the weights in P

Vg (58) < 2o (ppwyer Xor ()0 for all s
10: else by (s;) « 0 for all s

©

11: return: (s, V%)

Algorithm 5 Approximate region-based upper bound via maximum density
Input: (s4,bg) represented by { (¢4, w;) 2, T = {((s%,0%),yx) | k € I}

Lo Iy <= argmaxy,cy 3 > ic1, Wi subject to: Nier, @ # &

2: Q™ < Nier, ¢E > Maximum density
3: p = minimize ), ., Awyp + (U — L)c
4

subject torc > 1—37, Z] | Ak vol (@ N ¢ie),
Ak >0, ZkeIsA Ak =1
( Inax7p)

return:

o

For the upper bound V%, the function K,; has to compare beliefs over re-
gions. We let K, = K, and thus (11) holds. Instead of a computationally
expensive exact bound, which involves a large number of region intersections,
Algorithm 5 is approximate, based on maximum densities, and involves solv-

ing an LP.

Lemma 8 (Region-based upper bound) For region-based belief (s4,bE)
represented by {(, w) ¥y and T = {((sh, b)) | b € I}, if Kuy = K,
(@™, p) 1s returned by Algorithm 5, by, =37, ) ek and bp(sg) > bp(sk)
for all sg € @™ where X} is a solution to the LP of Algorithm 5, then p is an
upper bound of V.X at (SA, bg). Furthermore, if ny =1, then p = V. (s4,bE).
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6. Implementation and Experimental Evaluation

In this section, we present a prototype implementation and experimental
evaluation of our NS-HSVTI algorithm for solution and optimal strategy syn-
thesis on NS-POMDPs. We first summarise the details of the experimental
setup, then discuss the results of two case studies, and conclude the section
by discussing performance comparison.

6.1. Implementation Overview

We have developed a prototype Python implementation using the Parma
Polyhedra Library 28] to build and operate over perception FCP representa-
tions of preimages of NNs, a-functions and reward structures. We recall that
both a-functions and reward functions are piecewise constant over the con-
tinuous environment. They can thus be represented by subdividing the entire
environment into regions, namely polyhedra over the continuous variables to
which we associate a value. We remark that, since our method crucially
depends on the states in a given region, and those in the subregions arising
from subsequent refinements, being mapped to the same percept, arbitrary
discretisation is not applicable. We use h-representations, which describe
polyhedra through linear constraints for intersecting finite half-spaces. Up-
per bound computation is performed by solving LPs with Gurobi [29]. To
sample points with polyhedra, we use the SMT solver Z3 [30].

We use the method of [13] to compute the (exact) preimage of piecewise
linear NNs, which iterates backwards through the layers. This method is only
applicable when the NN has piecewise linear decision boundaries, for which
the basic building blocks are polytopes. This includes NNs with ReLLU or
linear layers, but can also be applied to approximations of NNs obtained
via, for example, linear relaxation. With this preimage, we then construct
a polyhedral representation of the environment space corresponding to the
perception FCP. Regarding boundary points, we order regions and then as-
sign boundary points to the region with the highest order, resolving ties via
a measurable rule.

6.2. Car Parking Case Study

The first case study is a modified version of the dynamic vehicle parking
problem from Example 1, which we extend both with obstacles and to a
larger environment. We limit the agent to a single parking spot and consider
both deterministic and probabilistic environments. We were able to compute

31



XX L

— N O

n&

<

X

0 1 2 3 4

0

8
7]
6
5|
. X
3|
2
1
01 2 3 45 6 7

Figure 5: Car parking with obstacles.

optimal strategies that lead the vehicle to the parking spot while avoiding
obstacles (if present).

4x4 environment. To extend this example to the case when there is an
obstacle region Rp = {(z,y) € R* | 1 < z,y < 2} (see Fig. 5, left), we
change the state reward function such that, for any s = ((ps, per), sg) € S:

1000 if fR*(ps) = per
7"5(8) = —ko ifsg€eRo
0  otherwise

where ko € N, i.e., we add to the reward structure a negative reward if the
vehicle hits the obstacle. The accuracy ¢ is 1072,

Strategy synthesis (4x4). Fig. 6 presents paths (7, my and 73) for syn-
thesised strategies starting from three particles in a given initial belief in
two different scenarios, as well as the corresponding lower bound values for
different regions of the environment. It also shows (on the right) the lower
and upper bound values computed for the initial belief at each iteration. In
all cases, there is an obstacle, highlighted with black border. We assume a
uniform distribution over the points in the initial belief.

We consider strategies for when the reward ko associated to a collision
equals 1000 (Fig. 6, top), and when it equals 5000 (Fig. 6, middle and bot-
tom). We see that, when the negative reward of a collision with the obstacle
is increased, Fig. 6 (middle), all the generated paths avoid the cell with the
obstacle. We also see that, in the first step, the action chosen is to move left;
while this is possible for path 7y (red), taking that action from the other two
initial belief points would take the agent out of the environment, in which
case the agent would not move.

For the case when ko = 1000, Fig. 6 (top), since the negative reward
associated with a collision with the obstacle is lower, we see that such a
reward can be compensated for by the agent afterwards, i.e., it can choose
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Figure 6: Paths and values for car parking (obstacle indicated by a black border, 5 = 0.8,
collision rewards equal to —1000 (top) and —5000 (middle, bottom)). The top two rows
are for deterministic environments, the bottom row uses a probabilistic environment.
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Figure 7: Region-based paths and values for car parking with the obstacle, 8 = 0.8.

to move upwards from all points in the initial belief, resulting in a possibly
unsafe strategy where a collision could happen. Finally, in Fig. 6 (bottom),
we plot the generated paths for the probabilistic environment of Example 1.
Considering the initial position relative to the parking spot, the probabilistic
environment can be advantageous for the agent, as it is possible to reach the
spot with fewer moves than in the deterministic case. This is indeed reflected
through a slightly higher expected reward for the initial belief.

Similarly, Fig. 7 shows values and strategies computed for the same sce-
nario when considering a region-based belief. The regions reached from the
initial position until arriving at the parking spot are indicated in orange, with
the current state labelled by x. The lower and upper bound values at each it-
eration are shown on the right-hand side, and the convergence demonstrates
that the approximate upper bound for the region-based beliefs is tight if the
belief has a unique region (see Lemma 8). We notice that the synthesised
strategy avoids the obstacle while also reaching the parking spot with the
least number of possible steps, maximising the agent’s reward.

Fig. 8 illustrates how computation progresses for Algorithm 3. Initially,
we have an a-function for each local state whose underlying structure is the
same as the perception FCP (see Fig. 2 right), with all regions initialised
with the lower bound as described in Section 5.1. With each iteration, we
refine the representation for the regions containing visited points and update
their values. The figure shows the initial representation (left) and the max-
imum (over all local states) of the first 5, 25, and finally all the generated
a-functions, coinciding then with the values presented in Fig. 6 (middle).
We can see how the values for the regions progressively increase as the com-
putation proceeds (top row, left to right), as well as how the subsequent
representations are refinements of the initial FCP (bottom row).
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to right) for the 4 x 4 car parking example with an obstacle, 5 = 0.8.

—20000

S

—25000

= —

B DES1500

DND
B ONC
B coc

5

-50.0 g.¢ -50.0

Figure 9: Perception FCP for car parking (8x8), and a slice of the perception FCP for
the COC advisory of the VCAS (h scaled 10:1).

8x8 environment. We consider a larger 8x8 environment R = {(z,y) €
R? | 0 < z,y < 8} with 4 obstacles (Fig. 5, right). In this model the parking
spot is given by the region Rp = {(z,y) e R? |6 <2 < 8AT7 <y <8}, and
the same reward structure is considered. To extend the NS-POMDP from
Example 1 to this setting, there are 64 abstract grid cells (percepts) and the
perception function is a feed-forward NN with one hidden ReLU layer and
15 neurons. Fig. 9 (left) shows the perception FCP for the 8 X8 environment.

Strategy synthesis (8x8). For this extended model and ko = 1000, Fig. 10
(left) presents the paths from the three particles in the initial belief for the
synthesised strategy, as well as lower bound values for the regions of the
environment. As the figure demonstrates, the vehicle is able to reach the
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Figure 10: Paths and values for car parking (8x8, 8 = 0.8, partially reconstructed).

parking spot while avoiding the obstacles. As the full set of a-functions
is large (see Table 3), to reduce computational effort we show approximate
values obtained by maximising over a set of sampled a-functions. Fig. 10
(right) shows how the lower and upper bound values for the initial belief
change as the number of iterations of the NS-HSVT algorithm increases.

6.3. VCAS Case Study

In this case study there are two commercial aircraft: an ownship aircraft
equipped with an NN-controlled vertical collision avoidance system (VCAS)
and an intruder aircraft. Fach second, the avoidance system gives a vertical
climb-acceleration advisory ad to the pilot of the ownship to avoid near mid-
air collisions (NMACs), which occur when the aircraft are separated by less
than 100 ft vertically and 500 ft horizontally. The avoidance system extends
the classical VCAS [31], both by adding trust to measure uncertainty and
by allowing for deviations from the advisories arising from the additional
belief information. In contrast to the VCAS model of [31], we allow a non-
zero constant climb rate for the intruder. We were able to compute optimal
strategies that safely guide the ownship by avoiding the collision zone.

VCAS as an NS-POMDP. The input to VCAS is a tuple (h, ha, t), where
h is the relative altitude of the two aircraft, hy the climb rate of ownship,
and t the time until the loss of horizontal separation between the aircraft.
VCAS is implemented via nine feed-forward NNs, each of which outputs the
scores of nine possible advisories (see Table 1). Each advisory provides a set
of suggested acceleration values and the ownship then either accelerates at
one of these values or does not accelerate. Each NN of VCAS has one hidden
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1(12551 Advisory Description Af(;t/lg; s

1 COC Clear of Conflict -3,0, +3

2 DNC Do Not Climb —9.33, —8.33, —7.33
3 DND Do Not Descend +7.33, +8.33, +9.33
4 DES1500 Descend at least 1500 ft/min —9.33, —8.33, —7.33
5 CL1500 Climb at least 1500 ft/min +7.33, +8.33, +9.33
6 SDES1500 | Strengthen Descend to at least 1500 ft/min | —11.7, —10.7, —9.7
7 SCL1500 Strengthen Climb to at least 1500 ft/min +9.7, +10.7, +11.7
8 SDES2500 | Strengthen Descend to at least 2500 ft/min | —11.7, —10.7, —9.7
9 SCL2500 Strengthen Climb to at least 2500 ft/min +9.7, +10.7, +11.7

Table 1: Suggested actions for each advisory of VCAS [4].

ReLU layer with 16 neurons, and therefore the regions in its preimage are
polytopes. If we had instead considered Horizontal CAS [32], the nonlinear
environment transition function twists polytopes into non-polytopes, and
would destroy our finite representations.

We model VCAS as an NS-POMDP, in which the agent Ag is the ownship.
The agent has four trust levels {1,...,4}, which represent the trust it has
in the previous advisory. These levels increase if the the executed action
is compliant with the current advisory (i.e., is one of the suggested actions
listed in Table 1), and decrease with probability 0.5 otherwise. A local state
of the agent is of the form (ad,., tr) consisting of the previous advisory
and the trust level, and the percept of the agent stores the current VCAS
advisory. An environment state is a tuple (h, h 4,t) corresponding to the
input of VCAS. Formally, we have:

e Sy = LocxPer with Loc = {1,...,9}x{1,...,4} and Per = {1,...,9};
o Si = [~2000,2000] x [~50,50] x [0, 20];

o Act ={0,+3.0,+7.33,£8.33,4+9.33, £9.7, +10.7, £11.7};

e Ay(loc, per) = Act for all loc € Loc and per € Per;

o 0bsa((adye, tr), sp) = argmax(faq,, (sg)), where foq,,, is the NN as-
sociated with the previous advisory ad,,. and the boundary point is
resolved by assigning the advisory with the smallest label in Table 1;

o for sy = ((adpre, tr),ad) € Sa, (ad',tr') € Loc and a € Act, if a is
compliant with ad (see Table 1), then:

1 if (tr <3)A (' =tr+1)A(ad = ad)
da(sa,a)((tr';ad)) =< 1 if (tr=4)A(tr' = tr) A (ad’ = ad)
0 otherwise
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and if a is not compliant with ad, then:

0.5 if (tr > 2) A (tr =tr —1) A (ad' = ad)
b 0.5 if (tr > 2) A (tr' = tr) A (ad’ = ad)
Oalsa )t ad) =0 47 i (4 = 1) A (7 = 1) A (ad’ = ad)

0 othervmse7

o for s = (h,hA,t),s’: (K, .24,75’) e Sif

W' = h— At(ha = hin) — 0.5A82hy
th = ha+ haAt
" = t— At
then
1 if (b7, h’j‘,t”) € Sg and §' = (h”, hfﬁl,t”)
Op(s,a)(s’) =< 1 if (W, W, t") &€ Sgand s = s
0 otherwise

where At = 1.0 is the time step and the intruder is assumed to be a
constant climb rate h;,, = 30.

In the reward structure we consider, all action rewards are zero and the state
reward function is such that for any s € S: rg(s) = —1000if t € [0, 1] A h €
[—100, 100] and 0 otherwise, i.e., there is a negative reward if altitudes of the
aircraft are within 100 ft at time 0 or 1. The accuracy ¢ is 1071,

Strategy synthesis. To compute the perception FCP ®p, i.e.; the preim-
ages of the NNs for this case study, we first trained these NNs. This involved
computing an MDP table policy using local approximate value iteration, re-
formatting this into training data and training the NNs [33]. To generate the
preimages, we adapted the method of [13], which was used to compute exact
preimages for the NNs of Horizontal CAS [32]. For example, the preimage for
the COC (Clear of Conflict) advisory is shown in Fig. 9 (right), which shows
VCAS next issuing the advisory DES1500 (Descend at least 1500 ft/min)
for the environment states in the green region to avoid an NMAC given the
small values of h and ¢.

Fig. 11 shows the paths from the four particles in the initial belief of a
synthesised strategy for the VCAS case study. For the particles that would
reach the collision zone at time 0 or 1 (coloured green in Fig. 11), there is a
course correction that enables the ownship to narrowly escape a collision.
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. Initial Discount | Pts./vol. Comput.
Model Belief type pts./regions | factor updz/ited Tter. time(s)
. 3 0.8 205 15 32.7
ar parkin icle-
(nocobstlzcles, 4g><4) Particle-based 5 0.8 392 11 36.3
Region-based 1 0.8 7.6 15 99.1
3 0.8 210 17 46.2
Car parking Particle-based 3 0.8 199 21 87.7
(w/ obstacle, 4x4) 5 0.8 390 15 41.9
Region-based 1 0.8 7.6 8 80.4
. . 3 0.8 960 174 1820
Car parkin -
» R o Particle-based 5 08 1600 || 110 | 1337
Region-based 1 0.8 43.2 59 2075
4 0.75 441 40 228.2
VCAS Particle-based 5 0.75 649 43 475.6
(3 actions) 6 0.75 476 23 1467
Region-based 1 0.75 4725 10 994.6
4 0.75 259 11 183.7
VCAS Particle-based 5 0.75 425 15 357.7
(15 actions) 6 0.75 228 6 127.4
Region-based 1 0.75 4059 7 2419

Table 2: Statistics for a set of NS-POMDP solution instances. The bold entries are for
the instance with a probabilistic environment.

6.4. Performance Analysis

To conclude the experimental analysis, we first discuss the performance
of the implementation based on the statistics for two case studies, and then
compare the performance when using particle-based and region-based beliefs,

and against SARSOP.

Experimental results. The experimental results reported in this section
were generated on a 2.10GHz Intel Xeon Gold. Our NS-HSVI implementation
is able to compute values and strategies for particle-based and region-based
instances of the models we considered in less than 1 hour (Table 2). In the
table, we report the model we consider, the belief type, the number of initial
points or regions, the discount factor (), the number of updated points or
the volume of the updated regions (depending on the belief type), and the
overall number of iterations of Algorithm 3 as well as the time taken until
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Figure 12: Solution times for different discount factors (for particle-based beliefs).

convergence. We found that the branching factor of the environment tran-
sition function, the number of agent states and actions, and the number of
polyhedra in the perception FCP ®p can all have a significant impact on the
computation time. Table 2 shows that computation for region-based beliefs
normally takes longer because the number of regions of the perception FCP
®p over which the algorithm puts positive probabilities is usually larger, and
thus it requires more ISPP backups. Moreover, while the update for particle-
based beliefs only involves simple operations, updating region-based beliefs
is far more complex due to the need of the polyhedra image computations,
intersections and volume calculations.

Another crucial aspect is the choice of the discount factor (5). Fig. 12
shows how verification times vary for the different case studies as a function
of that parameter. As expected, the trend we are able to observe is that it
takes longer for the algorithm to converge as the value of § increases. The
small drop in the curve for the 8 x 8 version of the car parking example for
the lower values of 8 can be explained by the inherent nondeterminism of
HSVT exploration, especially in the early stages of the computation when
many regions may have the same lower and upper bounds. This may lead to
the algorithm being indifferent with respect to the actions it takes, and thus
constructing paths that have lower impact on the values of the initial belief.

Finally, another element that impacts the running time is the choice of
the initial belief and the model’s dynamics. This is especially evident when
comparing the two instances of VCAS. The beliefs for the version with 15
actions have lower values for ¢ and are thus much closer to the boundaries of
the environment, which considerably limits the number of reachable states
and makes it possible for the algorithm to converge more quickly despite the
higher number of actions.
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Model Belief type || Total regions Lower Upper Strat.
#initial (a-functions) bound bound time (s)
Car parking PB, 3 80,494 2389.3309 | 2389.3333 19.3
(no obstacles, 4x4) PB, 5 42,224 2047.9989 | 2048.0000 14.0
RB, 1 36,467 2047.9992 | 2048.0000 50.0
PB, 3 99,513 2218.6653 | 2218.6666 24.5
Car parking PB, 3 91,808 1554.3770 | 1554.3897 20.0
(w/ obstacle, 4x4) PB, 5 47,719 2047.9990 | 2048.0000 14.2
RB, 1 35,751 2047.9988 | 2048.0000 39.4
Car parking PB, 3 1,410,799 343.5969 343.5974 338.9
PB, 5 547,753 343.5970 343.5974 158.4
(w/ obstacles, 8x8)
RB, 1 550,685 343.5964 343.5974 473.8

Table 3: Further statistics for a set of NS-POMDP solution instances of the car parking
case study. The bold entries are for the instance with a probabilistic environment.

Model Belief type || Total regions | Lower | Upper || Strat. | Following | Avg.
#initial (a-functions) | bound | bound || time (s) ratio trust
PB, 4 154,009 -1.2281| 0.0 75.3 - -
VCAS PB, 5 278,447 -1.2398 0.0 127.5 - -
(3 actions) PB, 6 868,257 -0.2498 | 0.0 400.8 - -
RB, 1 22,919 0.0715] 00 655 - .
PB, 4 32,387 -0.6718 0.0 18.7 33% 1.3
VCAS PB, 5 30,003 -0.9874 | 0.0 21.7 0% 1.0
(15 actions) PB, 6 19,218 -1.0789 | 0.0 13.0 33% 1.3
RB, 1 21,102 -0.6133 | 0.0 49.9 0% 1.0

Table 4: Further statistics for a set of NS-POMDP solution instances of the VCAS case
study.

Tables 3 and 4 shows, for a number of instances of each case study and
for each belief type, particle-based (PB) and region-based (RB): the total
number of polyhedra that make up the a-functions computed, the lower and
upper bounds on values for the initial belief and the time required for strategy
synthesis, i.e., reading a-functions, finding maximum actions and updating
beliefs. For the VCAS case study Table 4 also show the compliance ratio
with respect to the suggested actions as well as average trust values over 20
paths generated from the synthesised strategies.

For the car parking case study (recall the accuracy is 107%), in general,
the more iterations are needed for convergence, the higher the number of a-
functions generated and consequently the total number of regions. Strategy
synthesis for region-based beliefs tends to be comparatively slower due to the
complexity of the mathematical operations involved.

Regarding VCAS, the statistics in Table 4 are for the accuracy of 107!
The a-functions generally have a large number of regions, as the perception
FCP for each of the 9 NNs of VCAS has many regions, and hence many
intersections. In addition, we note that, for this model, the following ratio
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Figure 13: Comparison between particle-based and region-based values.

and average trust values are low, and in fact have been omitted for the
model with 3 actions. This is because (see Table 1) the number of suggested
actions associated to each advisory is only a fraction of the 15 actions we
considered and, for a given belief, there are many strategies that can lead to
the optimal value. Recall also that it is assumed that the intruder aircraft
is always climbing and the beliefs we considered were all reasonably close to
the collision zone. We analysed the synthesised strategies and found that, in
many cases, the agent chose actions that would at first lead to a faster descent
than those suggested in Table 1, but then compensated by descending less,
or not at all, at later stages. While the values of the actions differed, all
strategies we observed led to the ownship lowering its altitude, which would
lead to an increase of the overall height difference so as to escape a potential
collision. Thus, the low following ratios do not reflect an inadequacy of the
advisories.

Performance comparison. Finally, we compare values obtained for particle-
based and region-based initial beliefs, where the initial region covers the
particles, after they have been disturbed by shifting their position along a
sampled direction. This models a realistic scenario, in which the actual initial
belief differs from the initial belief used to compute offline lower and upper
bound functions, for example due to measurement imprecision. For a range
of disturbance sizes (the distances by which the particles are shifted), the
lower bound values for the average of 100 sampled points are presented in
Fig. 13. The results show that, in all cases, the region-based belief values are
greater than or equal to the particle-based values, and therefore the region-
based approach is more robust to disturbance (i.e., generates lower bound
values closer to the optimum).
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Figure 14: Comparison between particle-based and SARSOP values.

As the number of reachable states for a given number of transitions from
an initial particle-based belief is finite, we also compare the robustness of val-
ues obtained with our particle-based NS-HSVI and the finite-state POMDP
solver SARSOP, for the 4 x 4 dynamic vehicle parking without obstacles in
Fig. 14. For an initial particle-based belief, we build two finite-state POMDPs
by unrolling the model’s execution when considering 4 and 6 transitions, re-
spectively. Note that no new distinct states can be reached for paths whose
length exceeds 6 in this example, as any cell in the grid can be reached from
any other cell in 6 steps. Then, we compute the value function, represented
as a set of a-vectors, for each finite-state POMDP with SARSOP. Using the
value function, we approximate the values of beliefs disturbed by shifting
as above, in which each shifted particle takes the value of the closest point
in the finite-state space of the unrolled POMDP. The optimal value of each
shifted belief is computed by unrolling from the shifted belief for a maximum
of 6 transitions and solving the resulting finite-state POMDP with SARSOP.

SARSOP performs better with respect to the computational time taken,
which is understandable as SARSOP takes as input a discretised version of
the model and does not operate over a continuous abstraction, as NS-HSVI
does, requiring expensive operations over polyhedra. Nevertheless, the results
shown in Fig. 14 demonstrate that the values achieved by strategies generated
using SARSOP highly depend on how much of the model’s execution we are
able to construct beforehand, as the impact of missing reward-critical states
with a shorter horizon can be considerable. It also shows that particle-
based NS-HSVI obtains greater or equal lower bound values compared to
SARSOP within a small disturbance range. This is due to the fact that,
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when performing the ISPP backup, we update not only the values for the
visited points but also for the regions that contain them. The optimal values
of the shifted beliefs indicate that the values of the particle-based NS-HSVI
and SARSOP are both valid lower bounds.

7. Related work

Continuous-state POMDPs arise in a multitude of applications, includ-
ing robotics and autonomous systems. Many approaches have been proposed
to solve such models, as well as the induced fully-observable belief MDPs,
including point-based value iteration [10, 34, 35|, simulation-based policy it-
eration [36], discrete space approximation [37|, locally-valid approximation
[38] and tree search planning [39]. However, these approaches focus on tra-
ditional symbolic systems and, while extended to continuous transitions via
sampling [10], they are not adapted to data-driven perception functions.

A common approach to solving continuous-state MDPs is by discretising
and reduction to finite-state problems, which suffers from exponential growth
in the state space size and time horizon. An alternative is to work directly
with the continuous state space. The point-based methods of [10, 34, 35|
use a-functions, similarly to our approach, but represent value functions as
Gaussian mixtures or dynamic Bayes nets, which may result in looser approx-
imation for NNs than our polyhedral representation. This is because our P-
PWLC representation exploits the underlying piecewise constant structure of
the continuous-state model and the neural perception mechanism (for which
the value function may not be piecewise constant).

Rather than approximating value functions with parametric functions,
such as Gaussians, we instead exploit structure in the underlying model and
work directly with the continuous state space, similarly to [9]. With suit-
able restrictions, one can ensure the existence of a finite piecewise constant
representation of the value function, based on a partition of the state space
created dynamically during solution. While the existence of a finite rep-
resentation permits a VI approach, it is rarely scalable. A more efficient
(approximate) solution method is HSVI, a point-based value iteration for
finite-state POMDPs [11, 18], which uses effective heuristics to guide the for-
ward exploration towards beliefs that significantly reduce the gap between
the upper and lower bounds on the optimal value function.

Alternative solution methods include PBVT [40], the first point-based al-
gorithm to demonstrate good performance on large POMDPs. FSVI [41],
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also a point-based value iteration method, explores the belief space by main-
taining the true states, using the optimal value function of the underlying
MDP to decide which action to take and then sampling the next states and
observations. SARSOP [12], one of the fastest point-based algorithms, first
approximates the optimally reachable belief space in each iteration by sam-
pling a belief according to its stored lower and upper bound functions, then
performs backups at selected nodes in the belief tree and prunes the a-vectors
that are dominated by others over a neighbourhood of the belief tree.

Modelling formalisms and rigorous verification methodologies for systems
that incorporate data-driven components are beginning to emerge. This in-
cludes verification for non-stochastic neuro-symbolic systems [4], risk verifica-
tion of the closed-loop stochastic systems for data-driven controllers [42], per-
ception contracts [43], probabilistic abstractions for perception modules [44],
and synthesis of verified NN-based POMDP policies [45|. This paper is part
of an effort to develop effective optimal policy synthesis for stochastic neuro-
symbolic multi-agent systems with neural perception mechanisms, for which
solutions for simpler fully-observable variants have been proposed [25, 46, 47|.
To the best of our knowledge, our approach is the first value computation
method for partially observable continuous-state POMDPs with neural per-
ception. Since this paper was submitted, a point-based value iteration algo-
rithm was presented for the more general setting of one-sided neuro-symbolic
partially observable stochastic games (NS-POSGs) in 48], which allows par-
tial observability under similar assumptions to those used here (in fact, our
model is a single-agent variant of [48] and shares it syntax). The methods
of [48] exploit a finite representation that generalises a-vectors to approxi-
mate value computation, for which online strategy synthesis methods have
also since been developed [49].

8. Conclusions

We have introduced NS-POMDPs, the first partially observable neuro-
symbolic model for an agent operating in continuous state space and per-
ceiving the environment using a neural perception mechanism. Motivated by
the need for safety guarantees for such systems, we focus on optimal policy
synthesis with discounting. By placing mild assumptions on NS-POMDPs,
we are able to exploit their structure to approximate the value function from
below and above using a representation of PWC a-functions and belief-value
induced functions. Using NS-HSVI, a variant of the classical HSVI algorithm,
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we synthesised optimal strategies for an agent parking a car and safe strate-
gies for an agent using an aircraft collision avoidance system, employing the
popular particle-based and novel region-based beliefs.

Our main achievement is demonstrating the practicality of the method-
ology for small systems with realistic neural network components. To make
progress in this challenging problem domain, similarly to other POMDP ap-
proaches, we initially focus on discounted objectives, and aim to later extend
to the more complex undiscounted case (which is already undecidable for
finite-state POMDPs). However, as the case studies demonstrate, we can
use our approach to synthesise strategies that can then be shown to be safe
in terms of provably avoiding “unsafe” parts of the state space. Further work
includes efficiency improvement by incorporating sampling, approximating
preimage of NNs, and adapting NS-HSVI to more general probabilistic neu-
ral perception mechanisms.
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Appendix A. Proofs from Section 4

Before we give the proofs of Section 4 we require the following definition.

Definition 10. For FCPs ®; and ®5 of S, we denote by &1+ Dy the smallest
FCP of S such that ®1 + ®5 is a refinement of both ®; and Po, which can be
computed by all combinations of intersections between regions in ®1 and P,.

Lemma 1 (Perception FCP) There exists a smallest FCP of S, called
the perception FCP, denoted ®p, such that all states in any ¢ € Pp are
observationally equivalent, i.e., if (sa,SE), (84, Ss) € &, then sy = §'4 and
we let % = s4.

Proof. Since obs4 is PWC and Sy is finite, using Definition 3 we have that
for any s4 = (loc, per) € S4 the set S3* = {sg € Sg | obsa(loc, sg) = per}
can be expressed as a number of disjoint regions of Sg and we let @7 be such
a representation that minimises the number of such regions. It then follows
that {{(sa,sg) | s € ¢r} | ¢ € ¥ A sa € Sa} is a smallest FCP of S
such that all states in any region are observationally equivalent. ([l

Theorem 1 (P-PWLC closure and convergence) If V € F(Sg) and
P-PWLC, then so is [TV]. If VO € F(Sg) and P-PWLC, then the sequence
(V1)e2q, such that V' = [TV'], is P-PWLC and converges to V*.

Proof. Consider any V' € F(Sg) that is P-PWLC, by Definition 7 there exists
a finite set I' C F¢(S5) such that:

V(sa,br) = maxaer(a, (sa,bg)) for all (s4,bg) € Sp. (A1)

Now consider any (sa,bg), (s'4,0%) € Sg where sy = (loc, per’) and action
a € Ay(sa), and letting Py == P(s'y | (sa,br),a), by (A.1) we have:

V(s b ™) = maxa (s, b))
- max/ a(s'y, s’E)b“;A’a’s;‘(sb)ds% by (5)
ael s GSE
E
P((s'y,5%) | (54,bR),a)
= max a(sy, sh) ’ 22 2 ds by (1)
ael /s’EGSE e P(‘S;X ‘ (SAvi>7a’) b
P((sy, ¢ b
= max/ a(sy, sp) (2. 5p) | (34, E)’a)ds’E by definition of P
acl Jy esp Py
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1

= —max/ a(sy, sE)P((s'y, 8%) | (sa,br),a)ds’ rearranging
P]_ acl s.es

= rmax [ alshsp)a(sa,a) (o) < / st<sE>aE<sE,a><s@E>dsE) dsly

Pl o€l /EESE /EESEA/\SEESE
by (3)
1
= —max/ (5,4(5,4,@)([00’)/ (s, 8p)0E(se, a)(sp)dsy | be(sp)dse
Py el J e SpES
rearranging.
(A.2)

Next, for any a € Fo(S), 84 € Sy and a € Act we let a®% : S — R be the
function where for any s = (sa,sg) € S'if a € Ay(sa), then:

a“’sf‘*(sA,sE) = d4(s4,a)(loc") / Ca(sy, $g)0E(sp, a)(sy)dsy
S’EGSZA
= </ , 04(314,5’15)5(5,a)(sf4,s}3)d339> by Definition 4  (A.3)
SEESEA

and otherwise a®*4(s4,sg) = L. Now combining (A.2) and (A.3) we have:

’ 1 ,
V(s b ™) = / @ b dsg .
A EN TRk o R S
(A.4)

We next prove that a®*4 is PWC, i.e., a4 € Fg(S). Since a € Fe(S),
there exists an FCP @' of S such that « is constant in each region of @'
According to Assumption 1, there exists a preimage FCP ® of S and a
transition function dg such that, for all s € ¢ € , a € Act and s’ € ¢’ € P/,
5(s,a)(s') = 0p(¢,a)(¢'). Therefore, using (A.3), we obtain that a®*4 is
constant in each region of @, i.e., a®*a is PWC.

Substituting (A.4) into Definition 6 it follows that [T'V](sa, bg) equals:

a€AA(sa) ael

max {(Ra, (s4,bE)) + 5ZS'AesA max/ a4 (sa, SE)bE(SE)dSE}
spEeElR

= max {(Ra,(sA,bE))JrBZS;‘esA IS?§<<04“759‘,(8A,17E)>} by (5).

a€Aa(sa)
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. / /
Therefore letting I'**a = {a®®4 | a € T'} and
a,s’y a,s’y
. € Argmax ¢, ra,s, ("4, (54,0E))

where oszES/A is independent of s 4 due to (A.3), it then follows from Definition 6
that:

(TV(s4,b5) = max (R, (54,b0)) + B cs, (0™ (54.b8) }

CLGAA(SA)

— max <RG+BZS,A esAang,<sA,bE)> by (5).  (A.5)

acAx(sa)

Furthermore, we have that

Lisabe) = {Ra + 525265,4@2};/‘ |a€ AA<5A)}
and from (A.5):
[TV](s54,bp) = maXaer,,  ,,, (@, (54,bE)) -

Finally, since Sy, Act and T' are finite, R, is PWC by Assumption 1 and
a®*a is PWC, defining I to be the set containing the PWC functions:

R, + BZS/AGSAQ“’S/A e Fe(9)
for all @ € Act, s/, € Sy and a®¥a € T%%a we have for any (sa,br) € Sp:

[TV] (SAy bE) = INaXqer <a7 (SA; bE>>

Therefore, [T'V] is P-PWLC. As can be seen |IV| = |Act||l'|'4l, and hence
the number of a-functions representing [T'V] given grows exponentially in
the number of agent states for those representing V.

The remainder of the proof follows from Banach’s fixed point theorem

and the fact we have proved that if V € F(Sg) and P-PWLC, so is [TV]. O

Theorem 2 (Convexity and continuity) For any sq € Sa, the value
function V*(s4,-) : P(Sg) = R is convex and for any bg, by € P(Sg):

V*(s4,08) = V*(s4,0p)| < K(bp, by) (A.6)

where K (bg,by) = 3(U - L) [, be(sg) — Uy(se)|dsg.

S A
BE€SH

49



Proof. According to Theorem 1 there exists a (possibly infinite) set I' C
Fc(S) such that for any (sa,br) € Sp:

V*(s4,br) = supaer(a, (sa, bg)) - (A.7)
Given s4 € Sy, consider any bg, b, € P(Sg) and A € [0, 1], and we have:

AV*(s4,05) + (1 = N)V*(s4,b)

= /\SHpaeF<a7 (8A7 bE)) + (1 - )‘) Supaef‘<av (SA’ bb» by (A7)
= SUPaer (@ (54, AbE)) + supser{a, (54, (1 = A)b)) by (5)
> supuer(@, (sa4, Abg + (1 — \)bg)) rearranging
= V*(sa, Abg + (1 = \)b) by (A.7)

which proves that V*(s4,-) is convex.

Next given a and s4, let V5, (bg) = (a, (54, bg)) for (sa,bg) € Sp. For
any (sa,bg), (sa,blz) € Sp, without loss of generality, we can assume that
Viasa(bg) > Vo, (), and therefore:

|Va,8A (bE) - Va,SA (bIE)| = Va,SA (bE) - Va,SA (bIE)

= {a, (s4,bE)) — (a(sa, b)) by definition of V, s,
= / a(sa,sp)be(sp)dsp — / a(sa,sp)bp(sg)dsg by (5)
SEESEA SEES;EA
= / a(sa, sg)(be(sg) — by(sp))dsg rearranging.
SEESEA
(A.8)

Since bg, by € P(Sg) and (sa,bg), (sa,b) € Sp, we have:

SEESzA

SEGSSEA

Now, letting S7 = {sg € S | be(sg) — Vp(sg) > 0} and Sg = {sp € S} |
be(sp) — Vp(sg) < 0}, rearranging (A.9) and using the fact that S}, U Sy =
Syt it follows that:

/ (b(s5) — V() dsp = — / (be(sp) ~ V(se))dse.  (A10)
sp€SE Sp€ESE
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Next, using (A.8), the definition of V,, 5, and (5), it follows that |V, ,, (bg) —
Vasa (V)| equals:

/ +oz(sA, sg)(bp(sg) — by(sg))dsg +/ a(sa,sg)(be(sg) — Vg(sp))dse
sSpESE

SEESE

< /sEesg Ubg(sg) — Vg(sg))dsg + /S L(bg(sg) — by(sp))dsg

EGSE
by definition of S}, S, U and L
—U [ (bplsr) — p(sp))dsp — L / (bi(s5) — bla(s5))dsg
SEES]JEr SEESZJF

rearranging and using (A.10)

= k/ (bp(sp) — Uy(sg))dsp  rearranging and letting k = U — L.
SEGSE

(A.11)
We can now derive the following upper bound for V*(sa,bg):
V7 (s4,br) = supaer(@, (sa,be)) by (A.7)
= sup Vo s,(bg) by definition of V, s,
acl
= SEE(VQ,SA(Z)%) + Vs, (08) = Vs, (03)) rearranging
= SEE(VOL,SA (0%) + [Vasa(b8) = Vas4 (0p)|) rearranging
< sup { Voo, (V) + & / (b () — Vg(s))dsz by (A.11)
acl SEESE
= sup(Vas, (b)) + k/ (be(sg) — Vg(se))dsg rearranging
ael sp€SH
= sup(«, (s4,0%)) + k/ (bg(sg) — Vgp(sg))dsg by definition of V, s,
ael sp€SH
= V*(SA, b/E) + k/ (bE(SE) — bSE(SE))dSE by (A?)
SEESE
1
= V*(SA,b/E) + 5]6/ SA’bE(SE) - b;E(SE)’dSE by (AlO)
SEGSE
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Using similar steps we can also show:

/ * 1 /
V*(sa4,b) < V*(sa,bg) + —k’/ Nbr(sE) — Vp(se)|dse

2 EESZ‘A

and therefore the second part of the theorem follows. O

Appendix B. Proofs from Section 5

Lemma 2 (Lower bound) At belief (sa,bg) € Sg, the function o* gener-
ated by Algorithm 1 is a PWC a-function satisfying (12), Vi < Vi’ < V*
and Vi, (s4,bp) = [TVy](s4,b5).

Proof. By following the proof of Theorem 1 and how @ and a®1 are con-
structed for all sy € Sy, we can easily verify that o* in Algorithm 1 is a
PWC a-functions that satisfies (12).

For any V;,V, € F(Sp), we use the shorthand V; < V5 to denote that
%(&A,EE) < Vg(éA,ZA)E) for all (§A,13E) € Sg. Now, in the case of the lower
bound consider any V; such that Vj < V*. Since I" = T'U {a*} after
updating Vj} at (s4,bg) through Algorithm 1, for any (54, l;E) € Sg:

maXaGF<a7 (‘§A) [;E)> S maXaGF’<a7 (§A7 ZA)E» .

Therefore combining this with the fact that V;; is a P-PWLC function for
the finite set I, see Definition 7, we have V} (34,bg) < V' (34, bg) and since
(84,bg) was arbitrary VI < VI,

Next, again using the fact Vj; is a P-PWLC function for the finite set T’
we have:

Vi (54, bg) = maxeer (@, (sa, b))
> (a*, (54, bE)) rearranging
= [TVy](s4, bE) by (12).

In Algorithm 1, if the backup at line 6 is executed, then the Bellman operator
is applied for some states in ¢ which may result in non-optimal Bellman
backup for the other states in ¢, and if the backup at line 7 is executed, a*
is assigned the lower bound L in ¢. Therefore we have for any (§4, BE) € Sp:

(*, (34,bp)) < [TV3)(34,b5)
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< [TV*](54,b5) since V) < V*
— V*(54,bp) by Theorem 1. (B.1)

Combining this inequality with Vi < V* we have Vlbr/ < V* as required. [

Lemma 3 (ISPP backup) The FCP ®pauct returned by Algorithm 2 is
a constant-FCP of ¢ for a* and the region-by-region backup for o* satisfies
(13).

Proof. For the PWC a-functions in the input of Algorithm 2, let & =
252465',4 ®y , where &y is an FCP of S for a’a.

According to Assumption 1, there exists a preimage-FCP of ®. Through
the image, split, preimage and product operations of Algorithm 2, all the
states in any region ¢ € @, oquct have the same reward and reach the same
regions of ®. Since each a-function o4 is constant over each region in ®, all
states in ¢ have the same backup value from a4 for s’y € 8. This implies
that ®produet 1s @ preimage FCP of ® for action a. Since the value backup
(13) is used for each region in ®poduet and the image is from the region ¢,
then @poquct is a constant-FCP of ¢ for o*, and thus the value backup (13)
for a* is achieved by considering the regions of ®poduct- O

Lemma 4 (Upper bound) Given belief (s4,bp) € Sg, if p* = [TV.E](sa,bE),
then p* is an upper bound of V* at (sa,bg), i.e., p* > V*(sa,bg), and if ¥/ =
T U{((54,b5),p")}, then Vb > VY >V* and V.X (s4,bp) < [TV.X](54,05).

Proof. Consider an upper bound V.Y such that V¥ > V*. By construction,
each pair ((s4,b%), ;) in Y satisfies V*(s%,b%) < y;.

Now suppose for belief (s4,bp) € Sp we let p* = [TV.X](s4,br) and
T =Y U{((54,b5),p*)}. The new upper bound V}" after updating V¥ at
(s4,bp) through Algorithm 1, satisfies V) > VX' by (10). By construction
of p* we have:

p* = [TV,3)(s4,bE)

> [TV*](sa,bE) since VX > V*
= V*(sa,bE) by Theorem 1.
Next we have:
Vu{,(SA,bE) <p* since ((sa,bg),p*) € Y’ and (10)
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= [TV.}](54,b5) by construction of p*.

It therefore remains to prove the last part, i.e. that Vu}s/ > V*. Now for any
(s'y,0%) € Sp, if 8’4 # sa, then using the fact that Y = Y U {((s4,br),p")}
and (10) we have:

V (A’b/) V(Avb/)
> V*(s'y, bg) since V.X > V*.

On the other hand, if s, = s4, then using (10) there exists (\;)ics, with
\; > 0 and > \; = 1 such that:

iels,

VI (5l Ue) = Sier, At + Ko (Vs Sier, Mbiy) - (B.2)

Now using Theorem 2 we have:

V (sl Up) < V(50 Xy, Able) + K (b, Yoy, A

< ZieISA/A\iV*(sA, biy) + K (b’E, ZieISAj‘ib%> since V* is convex in Sp
< Sier, AV (54, bp) + Kus (biss Yier,, M) by (11)
< Dier, Aivi + Kup (bE, Zieg}‘%ﬁf) since if 7 € I, then ((s4,0%),7;) € T
= Vip (54, Ug) by (B.2).

Therefore since these are the only cases to consider for (s'y,by) € Sp we have
VI > V* as required. O

Lemma 5 (LP for upper bound) The function K,, from (18) satisfies
(11), and for particle-based belief (sa,bp) represented by {(sk,w;)} b, we
have that VX (sa,bg) is the optimal value of the LP:

minimize: >, Ay + (U — L)Nyc
subject to: ¢ > |w; — Y o AP (S i) for 1 <i < N,
A >0 for k €Iy, and ZkeISA e = 1.
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Proof. Consider any particle-based beliefs (s4, bg) and (sa, b;) where (s4, bg)
is represented by the weighted particle set {(s%, w;)}~?,. Let S{)EE>b/E = {sp €
St | be(sg) — bz(sg) > 0}. Now by definition of K (bg,b}), see Theorem 2,
we have:

Klbebp) = (U =1) [ (elsr) = Hylse))dse
SEESEE> B
= (U-1) / |br(sE) — Vy(sp)|dse by definition of S~
SEESZ.E>bH
<(U-L)M |P(s%; bg) — P(s%; by)| by Definition 8
< (U — L)N, max;<i<n, | P(si; bg) — P(sl; bp)| rearranging
= (U — L)Ny max,,cs,nbp(s5)>0 [P (5 08) — P(sg; by)| rearranging
~ Kb, by) by (15).

Furthermore, (18) implies K;(bg,br) = 0, and therefore K, satisfies (11).

Next suppose Y = {((s%,b%),yx) | k € I}, letting by = > kel A\ebk and
€ = MaX,,cSunbp(sp)>0 | P(SE;b) — P(sg; Uy)|, by definition of K, see (18),
we have:

Ku(bp,by) = (U — L)Nymax,,es,nvp(sw)>0 | P(SE; 0E) — P(sE; b))
= (U — L)Nyc by definition of ¢

and therefore:
ZkeIsA Aeyr + Koy (bp, ) = Zke]sA Ak + (U = L) Nyc .

Furthermore, for any 1 < i < N,, by definition of ¢ and since (s, bg) is
represented by the weighted particle set {(s%, w;)}t, we have:

¢ > |P(sy3bp) — P(sg; V)|
= |w; — P(sl; bp)| since {(s%, w;)} ", represents bg

wi = P (sl Lyer, Mt ) ‘ by definition of .

Therefore, the optimisation problem (10) can be equivalently written as the
LP of Lemma 5, i.e., the optimal value is equal to V. (s4, bg). O
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Lemma 6 (Region-based belief closure) If 6% (-,a) : Sg — 0%(SE,a) is
piecewise differentiable and invertible from Sg to T C Sg, and the Jacobian
determinant of the inverse function, i.e., for any s € T':

dfsf;l(s'E,a))

/
ds’y

Jac(s’) = det (

1s PWC for a € Act and 1 < 1 < N,, then region-based beliefs are closed
under belief updates.

Proof. Since 0%(-,a) is piecewise differentiable and piecewise invertible, let
¢r C Sk be a region over which ¢%(-,a) is differentiable and invertible.
Suppose that Xpg is a random variable taking values in ¢g, and that Xg
has a continuous uniform distribution with probability density function bg.
Due to the differentiability and thus continuity of 6%(-,a), the image ¢, =
{ss | 8 = 0%(sg,a) A\ sg € ¢p} is a region in Sg. Furthermore, suppose
X}, = 0%(XE, a) is a new random variable taking values in ¢; and let by be
the probability density function for X7, over ¢/;. We next prove that by is a
PWC uniform distribution under the given conditions.

Let 6% '(-,a) be the inverse function of §4(-,a) in ¢g. If ¢ C @, letting
¢1 be the preimage of ¢}, then

P(X}, € ¢)) = P(6%(Xg,a) € ¢)) since X = 0%(Xg,a)

= / be(sg)dsg by definition of bg. (B.3)
SEEP1

Using the change of variables sp = 0% ' (s, a) we have that:
A6 (s, a)
dsg = det | —2—"E£2"7 | q¢
< ds’y E
= Jac(sz)dss by definition of the Jacobian determinant

and substituting this into (B.3) we have:

PO e o) = [ bulsh (o) Jac(si)dst.

spEP]

Therefore we have that for any s € ¢/:
Vp(sp) = bp(0 ' (s}p, a))Jac(sp)
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and since bp(8y " (s, a)) = bp(sg) for sp € ¢p is constant and by construc-
tion Jac(s;) is PWC, we have that b is PWC over ¢/, as required.

We conclude that §%(+, a) transforms a random variable which has a con-
tinuous uniform distribution in a region into a new random variable which
has a continuous uniform distribution over finitely many regions. Therefore,
region-based belief are closed under d%(-, a). O

Lemma 7 (Region-based belief update) For region-based belief (s4,bg)
represented by {(¢%, w;) }b,, action a and observation s'y: (s'y, V) returned
by Algorithm 4 is region-based and by, = beA’a’S%. Furthermore, if h: S — R
is PWC and @ is a constant-FCP of Sg for h at sa, then (h,(sa,bg)) =
SV > opcay M54, sE)wivol(¢ N ¢r) where sp € ¢,

Proof. Consider a region-based belief (s4,bg) represented by {(¢%, w;) )i,
action a and observation s/, and suppose that the belief (54, b}) is returned
by Algorithm 4.

Since 0%(-,a) is piecewise continuous by Lemma 6, then for any region
¢p C ®p, the image {0%(sg,a) | sg € ¢p} can be represented as a union
of regions. Furthermore, due to the invertibility of d%(-,a), these regions
are disjoint and the image is uniformly reached. Letting ¢;; = {0%,(sz,a) |
sg € ¢%}, according to the belief update (4) and the belief expression in
Definition 9, we have:

| betseetona)sodse = [ (e (sp)us) dp(se.0) ) dse

EESE
= Zivzbl (/ X¢i, (sp)widp(sE, a)(s’E)dsE) rearranging
SEESE
= ZZV:IH (/ wiOp(se, a)(SIE)dSE) by definition of x4
sE€¢iE

— N Ne . Hj
=>4 </sEe¢" Wy (Zj1X¢g(5lE)mdSE)>
E

by definition of ¢;; and since it is uniformly reached by Lemma 6

e M] 3
= ZAQ Ne / W; X i (8pp) ———dsg rearranging
i=1Luj=1 spedi. 5 vol( EJ)
N Ve ! L / .
= v WX g (8 ) ———— ds rearrangin,
> i12255 zX(z)EJ( E)vol( 7) ( emcdt E) gmg

o7



wiﬂjV01(¢§E)

vol(61)
Therefore, V', can be constructed by normalizing fsEESE be(sg)op(sp,a)(sy)dsg,
which is a region-based belief.

Next, consider any observation s, and PWC h : S — R where &g is a
constant-FCP of Sg for h at s4. By (5) we have:

by definition of vol.

N, Ne
=2 j=1X¢¥ (s&)

(h,(sa,br)) = / h(sa,sp)be(sg)dsg

SEESE
= / h(sa, SE)Zf-V:b1X¢éE(SE)wz‘dSE by Definition 9
SEESE
=3 </ h(sa, SE)X%(SE)widSE) rearranging
SpESE

= 1D ppeds (/ h(sa, SE)X%(SE)widsE) since ¢ is an FCP
SEE€PE

- Z Z¢E6<I>E (8A7¢E) (/ X¢iE(8E)widsE)
SEEPE
since O is a constant-FCP of Sg for h at s4
- Z Eque(bE (4, o) wivol(¢ N dp) by definition of vol

which completes the proof. O

Lemma 8 (Region-based upper bound) For region-based belief (sa,bg)
represented by { (¢, w;)}N, and T = {((s%,b%), i) \ kel},if Ky =K,
(@™, p) 1s returned by Algorithm 5, by, =37, ) ik and bp(sg) > bp(sk)
for all sp € Q™ where X}, is a solution to the LP of Algorithm 5, then p is an
upper bound of VX at (SA, bp). Furthermore, if Ny = 1, then p = V.X(s4,bE).

Proof. Suppose that (s, bg) is a region-based belief represented by {(¢%, w;) fv 15

T = {((s%,0%), ) | k € I} and suppose K, = K and (¢'52%, p) is returned

by Algorithm 5, by, = 37, ., AibY where \f is a solution to the LP of Al-

gorithm 5 and ¢p** C SbE Y% Furthermore for each k € [ suppose that
k

(s,0%) is a region-based belief represented by {(¢}, wkj)}év:”l.

Since K, = K, by definition of K (see Theorem 2) we have:

Kulbebi) = (U =1) [ (be(se) - Vy(or))dss

SEES
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=(U-1L) / o>t be(sg) —/ oot bﬁg(sE)dsE> rearranging
SEEOE £ SEE EE £
<(U-1L) / be(sg) —/ . bg(sE)dsE> rearranging
SEESE SEES 7%
=U-L)(1- / . b’E(sE)dsE> since by € P(Sg).
SEESEE £
(B.4)
Now since ¢ C S;E>b;3 we have:
/ byt b;E(SE)dSE 2 / b/(SE)dSE
SEESEE = SEG(i)'EaX
_ / (Sher, b (sp)dsp) by definition of ¥,

=D el / Xebp(sp)dsg rearranging
SA SEG(#%]‘“‘

Nk
= ZkeISA </ )‘zzjb1X¢’g(5E)wkdeE>
SEe(b%]ax

: kj Ny k
since {(¢p, wi;)},;2, represents b

Nk )
= ZkeISA DMk / X ghi (sgp)wy;dsg rearranging
Sg e(brgax

= ke I, Z;V:éz )\ZwijOI(QbI;;j N¢E™) by definition of vol.
(B.5)

Thus, substituting (B.5) into (B.4) we have:

NE j max
Ku(bp. V) < (U= 1) (1= Loy, S Npwngvol(dff 0 6™))

and using (10), it follows that the optimal value p to the LP of Algorithm 5
is an upper bound of V.} at (sa,bg).

Finally, suppose that N, = 1. Therefore ¢ = ¢L, and since ¢} is the

unique region with positive probabilities for bg, by definition of S?EE>% it
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follows that SgE>bE C ¢}L. Combining these with ¢ C S?EE>bE, we have
that S?EE>bE = ¢ = L. Therefore, all the inequalities above become
equalities, and therefore p = V¥ (s, bg). O
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