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Abstract

We consider the problem of computing reach-avoid
probabilities for iterative predictions made with
Bayesian neural network (BNN) models. Specifi-
cally, we leverage bound propagation techniques
and backward recursion to compute lower bounds
for the probability that trajectories of the BNN
model reach a given set of states while avoiding
a set of unsafe states. We use the lower bounds
in the context of control and reinforcement learn-
ing to provide safety certification for given control
policies, as well as to synthesize control policies
that improve the certification bounds. On a set of
benchmarks, we demonstrate that our framework
can be employed to certify policies over BNNs pre-
dictions for problems of more than 10 dimensions,
and to effectively synthesize policies that signifi-
cantly increase the lower bound on the satisfaction
probability.

1 INTRODUCTION

While retaining the main advantages intrinsic to deep learn-
ing, Bayesian neural networks (BNNs) reason about un-
certainty in a principled and probabilistic manner, making
them a particularly appealing model class for tackling safety-
critical scenarios. In principle, their predictive uncertainty
can be propagated through the decision pipeline to enable
formal evaluations and analyses of a system under aleatoric
conditions [McAllister and Rasmussen, [2016]], which can
model partial knowledge of a system as well as its intrinsic
stochasticity [Depeweg et al.,2016].

In scenarios such as sequential planning, time-series fore-
casting/control and model-based reinforcement learning, to
evaluate a model w.r.t. a control policy (or strategy) one
often needs to be able to make several predictions corre-
lated across time [Liang), 2005]. While multiple models

can be learned for each time step, a common setting is for
these predictions to be made iteratively by the same ma-
chine learning model [Huang and Rosendol [2020]], where
the predicted model output at each step is a function of the
model output at the previous step and possibly an additional
control input. We refer to this setting as iterative predic-
tions. The challenge with BNN models is that they output
probability distributions, posing the problem of successive
predictions over a stochastic input. Even when the BNN pos-
terior weights are estimated using analytical approximations,
its deep and non-linear nature makes iterative predictions
with BNNSs an analytically intractable problem [Neall [2012].
To the best of our knowledge, computing formal bounds on
the probability of BNN-based iterative predictions remains
an open problem. Such bounds would enable one to provide
safety guarantees over a given (or learned) control policy,
which is a necessary precondition before deploying the pol-
icy in a real-world environment [Polymenakos et al., [2020,
Vinogradska et al., 2016].

In this paper, we develop a method for the computation of
probabilistic guarantees for iterative predictions with BNNs
over reach-avoid specifications. A reach-avoid specification,
also known as constrained reachability [[Soudjani and Abate|
2013]], requires that the trajectories of a dynamical system
reach a goal region over a given (finite) time horizon, whilst
avoiding a given set of unsafe states. Probabilistic reach-
avoid is a key property for formal analysis of stochastic
processes [Abate et al., 2008], underpinning richer temporal
logic specifications [Baier et al., 2008, Mnih et al., 2016|
Cauchi et al.| 2019]]. Even though the exact computation of
reach-avoid probabilities for iterative prediction with BNNs
is analytically intractable, we show how to derive a guaran-
teed lower bound by solving a backward iterative problem
obtained via a discretisation of the state space. In particular,
starting from the final time step, we back-propagate lower
bounds to reach-avoid probabilities through previous time
steps and for each discretised portion of the state-space, be-
ginning from the goal region. The propagation of bounds
through consecutive time steps leverages bound propaga-
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tion techniques for BNNs [Wicker et all., 2020]. By further approximate Bayesian inference methdds [Neal, 2012].

combining these with bound propagation techniques fo(/arious recent works consider veri cation or synthesis of

(non-Bayesian) neural netwo_rks (NNs) [Gowal et ?l" "018RL schemes against reachability speci cations [Sun et al.,
Gehr et al, 2018], we then discuss how the resulting Iowe&019 Konighofer et al., 2020, Bacci and Parker, 2020]

bound can be employed to provide certi cates for NN poli- )
) . . None of these approaches, however, support both continu-
cies learned over the BNN dynamical system. Finally, we . S L
ous state-action spaces and probabilistic models, as in this
demonstrate how our bound can be used to tackle the syn-

thesis problem, where given an initial policy we seek towork. Continuous action spaces are supported in [Hasan-

_ . . -heig et al., 2020], where the authors provide RL schemes
maximise the lower bound associated to a given reach-avoi . - L .
speci cation or the synthesis of policies maximising given temporal re-

quirements. However, the guarantees resulting from these
In a set of case studies, we con rm the scalability of ourmodel-free algorithms are asymptotic, and thus of different
methodology. We begin by considering four planar controlnature than those in this work. The work of Haesaert et al.
problems involving obstacle layouts of varying complex-[2017] integrates Bayesian inference and formal veri cation
ity. We then study the scalability of our framework on two over control models, additionally proposing strategy syn-
locomotion problems from the Mujoco robotic physics sim-thesis approaches for active learning [Haesaert et al., 2016,
ulator [Ray et aJ., 2019]. With our approach, we can derivéWijesuriya and Abate, 2019]. In contrast to our paper these
probabilistic reach-avoid certi cations for planar control works do not support unknown noisy models learned via
tasks, including a 25-dimensional car agent. Finally, weBNNs.

demonstrate how controllers can be successfully improved

by using our synthesis algorithm. In summary, this paper,
makes the following contributions: 2 BACKGROUND

« We show how probabilistic reach-avoid for iterative IN this section we brie y review BNNs and modeling of
prediction with BNNs can be formulated as the solution discrete-time dynamical systems with BNNs.
of a backward computation problem, and design an

algorithm for the lower bounding of the latter. Bayesian Neural Networks Letf" : R™ I R" be a

» We discuss how our lower-bound can be used for polic feed-forward NN architecture, wheve2 R™ s the vec-
S - POICY oy containing all the weights and biases of the network.
certi cation and, further, for synthesising NN control

- . . ) BNNs extend NNs by having a prior distribution placed
policies via dynamic programming. over the network parameters, (w), with w being the vec-
 We demonstrate the applicability of our methodologytor of random variables associated to the weights vector.
on a set of case studies of more than 10 dimensions. Given a datasdb, a BNN posteriorp, (wjD), is inferred
approximately by means of Bayes' rule [Neal, 2012]. Unfor-
Related Work ~ Certi cation of machine learning models  tynately,p,, (wjD) is analytically intractable. Thus, various
is a rapidly growing area [Gehr etjal., 2018, Katz e{ al., 2017techniques have been developed to approximpatevjD),
Gowal et al., 20118]. While most of these methods have beei’hcluding Hamiltonian Monte Carlo (HMC) [Neal, 2012]
designed for deterministic NNs, recently safety analysis ofnd variational Inference (V1) [Blundell et al., 2015]. While
Bayesian machine learning models has been studied boifie conduct experiments on VI, the techniques we describe

for Gaussian processes (GF)S) [GI’OSSG et a.l., 2017, Cardeai'e general and can be emp|0yed to HMC methodsl e.g., by
et al b 2019b, Blaas et al., 2020] and BNNs [Athalye et al.using the approach of Wicker et al. [2021]

2018, Cardelli et al[, 2019a, Wicker et al., 2020], including

methods for adversarial training [Liu et|al., 2018, Wicker |terative Predictions of BNNs Given a trained BNNf ¥,
etal], 2021]. The above works, however, focus exclusivelyye consider its associated dynamical system described by

on the input-output behaviour of the models, that is, canthe following discrete-time stochastic control process:
only reason about static properties. Conversely, the problem w

we tackle in this work has additional complexity, as we aim X = PP iUk 1)+ v U= k(xi); (D)

to formally reason about iterative predictions, i.e., trajectory- k2 Nsg; Xk;Vk 2R"; ug 2U RS

level behaviour of a BNN interacting in closed-loop with h . d iabl deli dditi

a controller. Iterative predictions have been widely stug¥/Neré Vi 1S a random variablé modefling an a -|t|\{e
ied for Gaussian processés [Girard €t/al., 2003] and safety?'S€ term V;”th stationary £Ero mean Gaussian dI.StI’Ibu-
guarantees have been proposed in this setting in the conteg_?n N (x]0; ). The Vether Is the 'model .state attime

of model-based RL with GPs [Jackson et [al., 2020, Poly:" Uk represe_nts_ the control input applied at t|h1£5eleqt¢d
menakos et al., 2019, Berkenkamp €t[al., 2016]. HoweveF,mn; ar:jzdmlisla'blﬁ' compact, dat l_RC bﬁr‘? (direlr[]mn'ls'
all these works are speci c to GPs and cannot be extended tBC) eedback Markov strategy (policy): ‘ )
BNNs, whose posterior predictive distribution is intractable  *For our settings time-dependent Markov strategies are opti-

and non-Gaussian even for the more commonly employechal [Bertsekas and Shreve, 2004].



Intuitively, the model in Eqr(1) represents a noisy con- Proposition 7.45] and such that fp; Xy~ R":
trolled discrete-time stochastic process whose time evolu-
tion is given by iterative predictions of the BNIN' , and Pr{Xo 2 Xo] = 1x,(Xo0);
is controlled by . In this settingf ¥ de nes the transition Prixk 2 Xkjxk 1= % 1= T(Xkjx; « 1(x)):
probabilities of the system arg, (wjD) is employed to es-
timate the posterior predictivaxj(x; u); D) that describes The de nition of Pr allows one to make probabilistic state-
the probability density of the system at the next time stegnents over the model in Eqi). In Problem 1 we consider
beingx, given that the current state and action érgu),  probabilistic reach-avoid, that is the probability that a tra-
and itis de ned as: jectory ofxy reaches a goal region within the state space,

Z whilst always avoiding a given set of (bad) states.
p(Xj(x;u); D) = N (xjf " (x;u); 2 1)pw (WjD)dw;

R Problem 1 (Computation of Probab. Reach-Avoid)

whereN (xjf W(x;u); 2 I) isthe Gaussian likelihood in- Given a strategy , a goal regionG ~ R™, a nite-time
duced by and centered at the NN output [Neal, 2012].horizon [0; N ] N; and a safe se6 R™ such that
Observe that the posterior predictive distribution induces &\ S = ;, compute for any giverg 2 G| S
probability density function over the state space. In iterative
prediction settings this implies that at each step the stat&reach (G;S;X0;[O;N]j )= Pr 9k 2 [O;N];xx 2 G”
vectorxy, fed into the BNN is a random variable. Hence, 2
a principled propagation of the BNN uncertainty through 80 KkO<k; xyo2 SjXxg= Xo;
consecutive time steps poses the problem of predictions over
stoc.hastlc inputs. In Sectlon'4 we will .tackle this 'for.the Note that, in Problem 1, the strategys given, and the goal
particular case of reach-avoid properties, by designing a ) o . . ;
backward computation scheme that starts its calculation$ 0 qgannfy th_e probabl_llty V.V'th which the trajectories of
from the goal region. We remark thaxj(x; u); D) is de- Xy satisfy the given speci cation.
ned by marginalizing ovep,, (wjD). Hence, the particular In Problem 2 below we generalise the previous problem
p(xj(x; u); D) depends on the particular approximate infer-and seek to synthesise a controllethat guarantees that
ence method employed to estimate the posterior distributiomPeach (G; S; Xo; [0:N]j ) is above a given threshold
As such, the bounding results that we derive are to be under-

stood to be valid only for each speci cally trained BNN. Problem 2 (Strategy Synthesis for Probab. Reach-Avoid)

For a given toleranc® < < landxp 2 G[ S, nda

3 PROBLEM FORMULATION strategy :R" R o! RCsuch that
For an actioru 2 R®, a subset of states R™ and a Preacn (G:Six0: [ON]} ) > 1 )
starting statex 2 R™, we call T(X jx; u) the stochastic

kernelassociated to the dynamical systéhiX jx;u) de-  Outline of the Approach In Section 4 we show how
scribes the one-step transition probability of the model ofPreach (G; S; X; [k; N]j ) can be formulated as the solution
Eqn.(1) and is de ned by integrating the predictive posterior of a backward iterative computational procedure, where the

distribution with input(x; u) overX: uncertainty of the BNN is propagated backward over time
Z starting from the goal region. We will show that such a

T(Xjx;u) = p(xj(x;u):; D)dx: formulation ofPyeach has two main advantages. Firstly, it

X allows us to de ne techniques for certi cation of BNNs to

Note that the integral is de ned here over the state spac
(R™). In what follows, it will be convenient at times to work . ) . .
in the parameter space of the BNN instead. To do so, we caﬂrOb{’m'“ty (Section 4.1). Secondly, relying on the differ-

re-write the stochastic kernel by applying Fubini's theoremem'at"“_ty of the resultmg Iowgr bound, it allows one to
to switch the integration order, thus obtaining: synthesize control strategies to improve the lower bound on

the reach-avoid probability.

%:)mpute a sound lower bound &n.,ch , thus guaranteeing
that the processy satis es the speci cation with a given

z z
T(Xjx;u) = N (jf"Ocu); 2 1)dx pw (ij)dvé‘.' PROBABILISTIC REACH-AVOID
RMw X
In this section we show hoReach (G; S; x; [K;N]j ) can
be formulated as the solution of a backward iterative proce-
dure, which will allow us to compute a lower bound on its
value.

From the de nition ofT it follows that, under a strategy
and for a given initial conditioxg, Xy is a Markov process
with a well de ned probability measurer uniquely gener-
ated by the stochastic kernEl[Bertsekas and Shreve, 2004,



Given atime0 k <N and strategy, consider the value
functionsV, : R" ! [0; 1], recursively de ned as

VW0 1a00i
Vi () = 16(0) + 1s(x) Vier ()P Xj(x; «(x));D dx
(@)

Intuitively, V, is computed backwards starting from the

goal regionG atk = N, where it is initialised atl.. The

computation then proceeds backwards for each state Figure 1: Examples of function& , , which are lower bounds
by combining the current values with the transition prob-of v, forany0 k N. On the left, we consider the rst
abilities coming from the system of Eq(l). The fol-  step of our backward algorithm, where we compkite ,(q) by
lowing proposition, proved in the Supplementary Mate-computing the probability tha¢n 2 G given thatxy 1 2 g:On

rial, guarantees that, (x) is indeed a reformulation of the right, we consider the subsequent step. We outline the state
Preach (G:S;X: [O;N]j ). we want to verify in red and the goal region in green. With the

orange arrow we represent the 0.95 transition probability of the
. - BNN dynamical model, and in pink we represent the worst-case
Proposition1 For0 kN andxo 2 G[ S;itholds probabilities spanned by the BNN output. On top, we show where

that ] each of these key terms comes into play in Egn. (6).
Preach (G; S Xo; [K;N]j )= V, (x):

The backward recursion in Eq4) does not generally admit  region. The resulting values are used to bidld (as we
a solution in closed-form, as it would require integratingWill detail in Eqn(6)). Foragiverg S, K, () is obtained
over the BNN posterior predictive distribution, which is as the sum overof R(q; k; ;i) multiplied byv; 1,i.e., the
itself analytically intractable. A computational scheme forlower value thak ., obtains in all the states of the th

its lower bounding is derived in the following section. region. Note that the discretisation of the probability values
does not have to be uniform, but can be adaptive for each

g 2 Q. A heuristic for picking the value of thresholgs
will be given in Algorithm 1. In what follows, we formalise

) _ the intuition behind this computational procedure.
We develop a computational approach based on the discreti-

sation of the state space, and on the backward formulatiop, oy Bounding of the Value Functions For a given
of Eqn(4), for calculating a lower bound fa?each - AS it

is a pessimistic estimation, a lower bound on reach-avoi
can thus be used to provide probabilistic certi cation of a
strategy controlling the BNN dynamical system.

4.1 LOWER BOUND ON Preach

trategy , consider a constant 2 (0;1) and =
2 2erf (), which are used to bound the value of the
noise,vy, at any given timé.Then, for0 k < N , con-
sider the function&, : Q! [0; 1] de ned recursively as
Our computational approach is illustrated in Figure 1. Letfollows:
Q= fa; 1 oh,gbe a partition ofS[ G in nq regions. We
denote withz : R" | Q the function that associatestoa  Kn (a) = 1c(a); 5)
state inR" the corresponding partitioned stateGn For b
each0 k N we iteratively build a set of functions K@= 1g(@+ 1s(@ vi 1R(g;k; ;i);  (6)
Ky : Q! [0;1] such that foralk 2 G[ Swe have that i=1
K (z(x))  V, (x). Intuitively, K, provides a discretised here
lower bound for the value functions on the computation of 7

Preach R(@K )= " pu(wiD)dw; ™)
The functionK , are obtained by propagating backward the H

BNN predictions from timé& = N, where we seK  (g) = HY =fw2R™j8x2q;8 2[ ; ] itholds that:
15 (q), with 15 (q) being the indicator function (that i4,if _ o with o0 = Wiy .
q G andO otherwise). Then, for eadh< N , we rst Vi Ko (@) wiwith = 2(f0¢ 00)+ g

discretize the set of possible probabilitiesinsub-intervals e key component for combining the above computations
0=vo vi i vp, =1.Hence forany2 Qand {ogetherisR(q;k; ;i), which bounds the probability that,
probability intervallv; ; vi+1 ], we compute a lower bound starting fromq at timek, we have thaky.; will be in a
R(q;k; ;i) on the probability that, starting from any state

in g at timek, we reach in the next step a region that has  27pa thresholds are such that it holds Raiv’] )=
probability 2 [vi;vi.1 ] of safely converging to the goal |n the experiments of Section 6 we select 0:99.



regiongC such thatk , ,; (0¥ 2 [vi;Vis1 ] In fact, H that, forallx 2 q; 2[ ; ]";w2 H it holds that:

de nes the weights for which that is true, so that integra- L w U

tion of the posteriop,, (WjD) over theH & will return fax FY0C k(X)) + Fou: (9)

the probability mass for the BNN dynamical system tran- L U . .

sitioning fromq to ¢® with probability in [vi; Vi ]. The Furthermorefq; « andfg., are dlfferentlable w.r.t. to the
computation of Eqif6) then reduces to computing the set of NPUt vector. Finally, the two bounding values can be used to
weightsH E| " which we call theprojecting weight setA check whether or not the condition in E€B) is satis ed, by

H H L £ U
method to compute a safe under-approximation H,: 5|mply_ che_:ck_mg V_Vhe‘he[‘ g;:x : T q; 5 ] propagated through
S o i K+ is within[vi; vi+1 ]. Now that we have the necessary
is discussed below. Before describing that, we analyze the ; : . ) :
; Ihgredients, in the following we describe our algorithm for
correctness of the above recursion. .
the lower bounding oP;each -

Theorem 1 Givenx 2 R", for anyk 2 f0;::;;Ngand  Probabilistic Reach-Avoid Algorithm In Algorithm 1 we

q= z(x),assumethat :* \ HY:' = ; fori 6 j: Then: summarize our approach for computing a lower bound for
’ ! Problem 1. For simplicity of presentation, we consider the
)l(r;fq Ve (X)) Ky (g): casen, = 2, (i.e., we partition the range of probabilities in

just two intervalq0; v1]; [v1; 1]); the casen, > 2 follows
o . similarly. The algorithm proceeds by rst initializing the
A proof of Theorem 1 is given in the Supplementary Ma-yq5ch-avoid probability for the partitioned statemside

terial. Note that the assumption on the null intersectiony,q goal regiorG to 1 (Eqn(5)). Then, for each of thal
between different projecting weight sets required in TheOgme steps and for each one of the remaining partition states

rem 1 can always be enforced by taking their intersectiorh’ in line 4 we set the threshold probability equal to the

and complement. maximum value thak attains at the next time step in the

) o . states in the neighbourhood gffwhich we capture with
Computation of Projecting Weight Sets Theorem 1 al- 5 hyper-parameter, > 0). We found this heuristic for

lows us to compute a safe lower bound to Problem 1, by répe "choice of; to work well in practice (notice that the
lying on an abstraction of.the state space, that is, through thgyiained bound is formal irrespective of the choice/gf
computation oK (q). This can be evaluated once t.he Pro-and different choices could potentially be explored). We then
Jecting set of weight valuels.i i assouatgd i 1 V_i] proceed in the computation of E¢8). This computation is
is known? Unfortunately, direct computation &f;" is  performed in line$-14. First, we initialise to the null set the
intractable. Nevertheless, a method for its lower bounding;urrent under-approxima’[ion of the projecting Weight bet,
was developed by Wicker et al. [2020] in the context ofwe then samples weights boxesl by sampling weights
adversarial perturbations for one-step BNN predictions, angrom the posterior, and expanding them with a margin
can be directly adapted to our settings. heuristically selected (lines 6-8). Then, for each of these sets
The idea is that a safe approximatiin  HZ ' s built we rst propagate the statq:' policy functlop, and welght ;et

' H to build a boxX according to Eqrf9) (line 9), which is
then accepted or rejected based on the valuehaat the
next time step attains in statesXn(lines 10-12)K , ;(q)
v K 20V (X (X)) + vi: is then computed in line 14 by integratipg (wjD) over

Pt e (2706 )+ ) v the union of the accepted sets of weights.

by sampling weight boxes of the shafle = [w";wV],
according to the posterior, and checking whether:

8x2q;8w2H;8 2[ ;1 (8

Finally, H is built as a disjoint union of boxe3 that sat- S5 STRATEGY SYNTHESIS

isfy the above condition. In order to apply this method

to our setting, we propagate the abstract stptierough ~ We now focus on the synthesis problem. More speci cally,
the policy function «(x), so as to obtain a bounding box instead of bounding the reach_—avoid prol?a_bility for a given
b= [ L: Ylsuchthatt K(X) Uforallx 2 g strategy we are mteresteq in synthessmg such a strat-
In the experiments we focus on the case in whigtx) is ~ €9Y- In particular, we do this by nding the strategy
given by a NN controller, so that methods for bound propaIhat maximises t_he Iower_ bound Beach that we devel-
gation of NNs can be used for the computatiorpo[TGowal opgd |n'the previous section. Notice that, while no global
etal., 2018, Gehr et al., 2018]. The results from Wicker et aloPtimality claim can be made about the strategy that we
[2020] can then be used to propagqlé’ and# through obtain, the maximisation of a lower bound guarantees that

the BNN, that is, to compute valuéé; K andfél; 4 such fthe true reach-avoid probability will still pe greater than the
improved bound obtained after the maximisation.

3In the case of Gaussian VI, in fact, the integral of Equation - ) ) )
(7) can be computed in terms of tleef function, while Monte  De nition 1 A strategy is called maximal certi ed (max-
Carlo or numerical integration techniques can be used in generatert), w.r.t. to the discretised value functiéh , if and only



Algorithm 1 Probabilistic Reach-Avoid for BNNs on the form of , so that any can be employed, as long
Input: BNN modelf V', safe regiorS, goal regionG, discretiza- ~ as the set in which varies is parametrised by a compact
tion Q of S[ G, time horizonN , neural controller , number of  set. In the following we focus, in particular, on the case in

BNN sampless, weight margin w, state space margin which the set of allowed strategigkis parametrised by a
Output: Lower bound orK NN controller , which is of particular relevance for RL
1: Forall0 k N setK,(q)=1iff g G andOotherwise applications [Arulkumaran et al., 2017]. Namely, we show
2:fork N toldo how a neural controller that builds on the lower bound

forg2 QnGdo can be computed using standard training methods for NNs.
Vi MaXx21q g+ ] Kke (2(X))
H ; {H isthe set of safe weights}

3

4

5: - . .
Training of Certied NN Strategies In Theorem

6: for desired number of sampless do 9 g

7.

8

9

g, the only term that depends on the input is

° P(wjD . ; ,
o (wiD) ?:"1 viR(q;k; ;i ). Hence, in order to synthesise a strat-

Wwe  wiwl+ ]

: # Propagation according (&qn (9)) egy one'nefeds to .nd the neural. controller inqu, oyler
10: X = [fgq ifau ] Prop(a; 5 H; ) that maximizes the integral @f, (wjD) over the projecting
11: if Kyuy (X v then weight setsH J;’

12: H H™H

Let L.ewarg be a (differentiable) reward function for the

ﬁ enznfg:f control prqblem at hand (which we obtain at.training time
15: Ke(@=v: " . pw(wjD)dw (Eqn (6)) by employing standard modeljbased RL algonthms [Arulku-
16 end for H maran et al., 2017]). Our goal is to synthesize the parameters
17: end for of  suchthal eyarg IS maximised, while also maximis-

ing the lower-bound t®each - IN order to do so, we pro-
ceed in a similar fashion to methods for adversarial training

if, forall x 2 G[ S, it satis es of NNs with bound propagation techniques [Gowal et al.,
2018]. ConsideP B, ( ) to be the lower bound to prob-
Ko (z(x)) =sup Kq(z(x)); abilistic reach-avoid that we have developed in Section 4.

Interestingly, because of differentiability Bf-2,, ( ) the
thatis, the strategy maximises the lower bound Bfeach .~ POliCY parameters can be optimised using standard out-of-
the-box gradient descent methods for NNs. We remark that,
It follows that, if K, (z(x)) > 1 forallx 2 G[ S even though Theorem 2 guarantees existence of a max-cert
then the max-cert strategy is a solution of Problem 2. Strategy, performing gradient descent does not guarantee to
Note that a max-cert strategy is guaranteed to exist wher'd One. However, it does provide signi cant local improve-
the set of admissible controlsis compact [Bertsekas and Ments of the reach-avoid probability around the starting
Shreve, 2004, Lemma 3.1] (as we assume in this workClicy , @s we show in the next section.
In the next theorem we show that a max-cert strategy can
be cor.nput.ed'via dynamic programming with a backwardg  EXPERIMENTS
recursion similar to that of Egn (6).

In this section, we empirically study the effectiveness of our
Theorem2 ForO k<N andO=vp<:ui<v, =1; framework on several benchmarks of varying complexity. In
de ne the function&, : R" I [0; 1] recursively as follows  particular, we consider three different environments (Simple
Navigation, Obstacle Avoidance, and Zigzag) &rdiffer-
ent agents (2D Kinematic Car [Fan et al., 2018], 2D Puck
[Astrom and Murray, 2008], 3D Hovercraft [Miller et al.,
2020], Ball Robot, and Car Robot [Ray et al., 2019]). In each
whereR(q; k; u;i) and Hlj;i“? are de ned as in Eqr(7).  setting, we apply Algorithm 1 to certify policies learned via

Xp
Kk(q)=sgg 1e(9) + 1s(a)  viR(g;k;usi) ;
u i=1

If is st.K, = K, ,then is a max-cert strat- existing model-based strategy synthesis algorithms [Chua
egy. Furthermore, for any, it holds thatK , (z(x)) et al., 2018], including an experiment to study the effect
Preach (G;S;[O;NT;Xj ). of the parameter choices in Algorithm 1. We then proceed

to an investigation of our synthesis methodology and an
evaluation of the tightness of our lower bounds against em-
rpirical probability estimates. Additional details for each of
he benchmarks, environments, and agents can be found in

e Supplementary Material along with a further discussion
of motivation and limitations of our setting.

A proof for Theorem 2 can be derived similarly as in [Abate
et al., 2008, Theorem 2]. Theorem 2 allows one to recu
sively compute a max-cert strategy, by selecting at each tim
step the action that maximizes the functién Note that
the resulting  will generally depend on the time st&p
We remark that Theorem 2 does not make any assumption 4 jny to codegithub.com/matthewwicker/BNNIterativePrediction



Figure 2: Top Row (l): the Simple Navigation environment with a 2D Puck ag&fitddle Row (II) : the obstacle environment with a

2D Puck agentBottom Row (lll) : the Zigzag environment with 2D Kinematic Car agent. We note that the blue rectangle in column
(A) corresponds to area veri ed in column (D). For each environment we analyse the main components of theClatam(A): a

collection of 25 simulated runs using the learned policy indicates that the algorithm is successful in learning a policy to reach the goal.
Column (B): the per-point NN control actions show that the controller has learned a reasonable policy even outside of the explored region.
Column (C): Uncertainty quanti cation shows that where policy exploration has occurred the BNN is most c€aéimn (D): We are

able to verify non-trivial probabilistic guarantees for each system.

Experimental Settings For BNN and neural policy train- do not discretize dimensions of the state space which are not
ing we utilize a standard model-based control loop. Specifsafety-critical, e.g., the direction of the main sensor on the
ically, we learn both model and policy concurrently in an Car Robot. In Figure 2 row (l), we visualize the actions and
episodic learning framework, whereby we operate in the ersimulated trajectories of the Puck agent. We note that the
vironment with our policy (following the PE-TS algorithm uncertainty of our BNN model is well calibrated, showing
[Chua et al., 2018]) and aggregate a dynamics dataset drigher uncertainty in regions where less data are available.
which our BNN model is trained at the end of each episodé/Ve observe that states with low uncertainty are those for
The trajectory sampling stage of PE-TS selects the actiowhich the lower bound of safely reaching the origin is higher
sequence which minimizes a cumulative discounted rewarénd close tdl, even order of magnitude time steps away
We reward improvement of the agent's distance to the goalrom the goal region (for the experiment we considered
with a weighted, and, in the presence of obstacles, we addN = 30).
a penalty according to the distance to the obstacles. For all
the experiments we initialize our BNN with a Gaussian prior Obstacle Avoidance The obstacle avoidance task extends
over the parameters; approximate Bayesian inference is pehe simple navigation environment by adding an obstacle
formed using Variational Online Gauss-Newton (VOGN) directly between the agent and the goal (see Figure 2(11 A)).
[Khan et al., 2018]. For the Hovercraft, which is not bound to the 2D plane,
we assume the obstacle extends in nitely high. In Figure 2
Simple Navigation The rst environment we consider is row (ll), we visualize the actions and simulated trajectories
a navigation task where an agent must navigate from angf the Puck agent. We observe in column (D) that, in this
initial state to the origin. Albeit basic, this task becomessetting, the state-space portion directly behind the obstacle
challenging with high dimensional agents and noisy sensorsttains a reach-avoid probability 8f even though sampled
In this scenario we have that the goal reg®iis a box cen- trajectories in Figure 2(l1 A) are able to safely reach the
tered at(0:05; 0:05) (see Figure 2(1 A)). For the Hovercraft goal region. This is due to the conservatism of our approach
agent the safe set is restricted to be all states with altitudéhat computes only a lower bound Bfeach -
within the interval (0.0, 0.5]. For the Puck, we encode a
safe set that restricts the velocity of the object to be lesZigzag The Zigzag environment is taken from [Fan et al.,
than 1.0 at all times. For the Mujoco agents (Ball and Ca2018]. In this task, agents are placed in the fourth quadrant
Robots) we bound the change in velocity to be less thamand are tasked with navigating through a series of equilat-
0.25 and in these cases (where dimensionality is high) weral triangles which impede the path to the goal region (see



Figure 2(Ill A)). The goal region is a box centered@t0). | Env. | Agent || Emp. | Cert. [[ Emp.(S) | Cert. (S) |
In the Supplementary Material we also analyse a harder Simple | Puck 0.738 | 0.4444 || 0.986 0.9595
version of the Zigzag problem. In Figure 2 row (lll), we | Zigzag | 2D Car || 1.00 | 0.7859 || 1.00 0.8550
visualize the actions and simulated trajectories of the King- Simple | Hover || 1.00 | 0.6676 || 1.00 0.9706 |

matic Car agent. The key observation here is that the large _ _ )
size of the obstacles (see column (D)) makes the veri CationTable 1: Lower bound obtained following Algorithm 1 compared
0 an empirical estimat&mp. are the empirical estimates each

! . i
h more challenging and Algorithm 1 produces overl : NV - .
muc ging 9 P ycomputed ovetOOtrajectories simulationEert. is the average

conservative probabilities for a large portion of initial states.Of the lower bound obtained considering only state@where

In what follows (see Table 1) we will show that, by modify- the sampled trajectories staf®) denotes bounds coming from the

ing the training loss of the agent, as discussed in Section ¥entrol actions synthesized according to our synthesis framework.
one is able to obtain substantially tighter bounds.

Effect of Parameter Bounding for the Car Robot Agent  are close to the goal region and are in the rst quadrant.
We analyse the effect of Algorithm 1 parameters @irgle-  For each of the tested agents (Puck, 2D Kinematic Car, and
stepprediction on a 25D agent, the Mujoco Car, and theHovercraft) our lower bound is, in the best case, within 0.22
Simple Navigation environment. We just focus on a prob-of the empirical estimate and the tightness of the bound is
abilistic version of the forward invariance property consid-greatly improved when employing Theorem 2 to synthesise
ered in Ames et al. [2014]: the policy is considered safe at atrategies that maximize the lower bound given by Algo-
given time if the action taken does not move the agent awayithm 1. In these examples we found that, for the Puck and
from the goal region at the next time step. In Figure 3, weHovercraft, synthesised actions allowed us to get a certi ed
show how increasing the number of samples from the posteaafety within 0.03 of the statistically estimated bound. The
rior (parametens in Algorithm 1), as well as increasing the improvement is expected because our synthesis approach
size of the weight margin (parametgy in Algorithm 1), im-  aims to explicitly maximize the lower bound probability and
proves the resulting lower bound. Intuitively, by increasingis in line with what was observed for adversarial training
the sample size and the weight margin we are able to buildf NNs with IBP [Gowal et al., 2018, Wicker et al., 2021].
a larger under approximation of the projecting weight setFurther bene ts of synthesis can be observed in the Simple
We should stress that, if the weight margin is too large, therNavigation environment, where our approach for strategy
this can be detrimental for performance due to increasedynthesis not only improves the certi cation we provide,
approximation. but also the empirical performance of the control policy.
We further examine this in Figure 8, where we observe that
with our synthesis algorithm we are able to correct for the
erroneous behavior of the original PE-TS controller and
certify that virtually all the states have a high probability of
reaching the goal.

7 CONCLUSIONS

In this paper we considered iterative predictions with BNNs
and studied the problem of computing the probability that a
trajectory iteratively sampled from a BNN reaches safely a
target goal region. We developed methods and algorithms to
compute a lower bound of this reach-avoid probability and
synthesize certi ed neural controllers, based on techniques
from dynamic programming and non-convex optimization.
Figure 3: Top Left: Visualization of the car in the Mujoco sim- |n a set of experiments we show that our framework enables

ulator. Top Right: Increasing the weight margin has a positive certi cation of strategies on BNN models and non-trivial,
effect on the boundBottom: Increasing the number of samples high-dimensional control tasks.
considered has a considerably positive effect on the bound.
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A  MOTIVATION FOR BNNS IN CONTROL

Here we provide further details on the motivation to use Bayesian models in a model-based control or reinforcement learning
scenario. Choosing an appropriate model when capturing unknown dynamics of a system under consideration is of critical
importance to the success of the ultimate algorithm. In particular, it is known that the introduction of slight biases can
greatly affect the learning of a good control policy [Atkeson and Santamaria, 1997, Abbeel et al., 2006]. Model bias can
lead to over-con dent predictions in the early stages of learning which can in turn lead to unsafe exploration and to the
degradation of the learned control policy [Abbeel et al., 2006]. Moreover, at deployment time, being able to reason about
both out-of-distribution scenarios as well as the uncertainties about ones beliefs regarding the underlying dynamics can
enable more safe actions in principle [Michelmore et al., 2020]. This, incorporating a model which is inherently capable of
reasoning about uncertainty and which can provide the modeller with critical feedback about model choice is intuitively
desirable.

Bayesian neural networks represent a potentially powerful model for uncertainty-aware model-based reinforcement learning
Chua et al. [2018]. While deterministic neural networks enable greater scalability than Bayesian neural networks, they fail to
reason about uncertainty and can be a great source of model bias. Similarly, while GPs tend to be more successful in terms
of calibrated uncertainty, they fail to scale to high-dimensional, large-data regime required by many real world problems
[Deisenroth and Rasmussen, 2011]. Bayesian Neural Networks combine the uncertainty bene ts of Gaussian processes
with the scalability of neural networks. In addition, their uncertainty has been shown to make them more resistant to small
changes in their inputs [Carbone et al., 2020] as well as more sample-ef cient during model-based learning Chua et al.
[2018].

B AGENT DESCRIPTIONS AND DYNAMICS

Figure 4: Analysis of the harder variant of Zigzabeft: Layout of the state-space and 25 simulations from the BNN control loop
demonstrates that we learn to solve the probl€amter: The uncertainty lines up well with what is considered in the main text and
displays that the model is uncertain in states it is unable to Waiht: Here we see that unlike what is presented in the main text, the
controller has a bias toward navigating the agent upward and thus it is easier to verify the region below the goal.

2D Kinematic Car Both the 2D kinematic car dynamics and the Zigzag environment given in the rst row of Figure 2

are benchmarks from [Fan et al., 2018]. The agent dynamics model is a planar version of a single rear wheel kinematic
vehicle and has three state space variables: two for its position in the plane and one for the rotation status of the wheel. The
controller chooses how to change the angle of the wheel as well as the magnitude of its movement vector. We only use the
2D kinematic car in the Zigzag environment where the agent starts below a trench created by a set of ve equilateral triangle
obstacles. We further consider a “harder' variant of this problem with a more challenging placement of the triangles. For this
environment, we use the negativedistance from your current position as the reward function, meaning the agent's action

is rewarded proportional to its improvement to the goal region. In the standard instance, no information about the obstacles
is given and thus must be learned via trial and error at train time. In the harder instance the reward function is modi ed to
compute thé, distance of the agent to the point of each triangle and the reward is penalized according to this.
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